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ABSTRACT

Partial residual plots are a useful diagnostic tool in multiple regression to clarify the
effect of the ith explanatory variable on the predictive ability of the response variable when
the other explanatory variables are still present in the model. The usual diagnostic plots of
residuals versus explanatory variable provide standard checks on model assumptions. Par-
tial residual plots not only do this, but have the added enhancement of including whether
violations to assumptions may be adequately modeled by including curvature in the model
or should be modeled by transforming responses (Aziz and Wang, 2009) This paper out-
lines the construction of renovated partial residuals, plots and their properties for regression
with censored data.
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1 INTRODUCTION

Consider the linear regression model
Y=XB+¢ (1.2)

whereY represents an n-vector of responséss ann x (p+ 1) explanatory variables, the
(p+ 1) x 1 vector,B, represents the unknown parameter ve@br= (Bo, B, ..., Bp), of the
model, and the terrais a random variable with independent and identically distribution F
components with mean zero and varias@eand unknown survival function S=1-F.

Suppose that we separate ot the (i + 1)th column of X, for special consideration
(0<i < p). If we use the notation that represents the carrier which gives theb-
servations inX; andy the response variable, then a common way of writing model (1.1)
is

y=Bo+Bxe+PBaxo+ ...+ BiXi + ... + BpXp + €. (1.2)

Partial residual plots will give us insight into whethershould be included in the model,

or whether another unknown function, sgx;), should instead include in the model to
improve the fit. Possible choices gfmay beg(x) = c1x or g(x) = cix+ cxx?, wherecy

andc; are constants. Following Cook (1993) and McKean and Sheather (1997), we adopt
an approach that the correct model is

y=Bo+Bixt+Baxo+ ... +9(X) + ... + BpXp + €". (1.3)

This means that model (1.2) is a misspecification of the true model (1.3) upigsslinear
function. The aim of this paper is to present partial residual plots as a tool to help us to
detect this. Certainly knowledge gfmay assist in choosing a co-variate transformation
towards the linearity of (1.2).

Suppose initially that we fit the misspecified model (1.2). ﬁeh:e the least squares
estimator o3 in (1.2). Then the residu&is given in terms of the vect(fi: (f&o, fil, - fip)
by

R=Y —XB.

Furthermore, thé&h partial residual vector is defined, for<li < p, by
RN:R+N&:Y—§xﬁy
J#I

The plot of then entries inRy, against then entries inX;, is called theith partial residual
plot, or the partial residual plot fax;. This plot was first introduced by Ezekiel (1924)
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and later investigated by Larsen and McCleary (1972), Wood (1973) and Cook (1993).

Atkinson (1985), for example, notes that the plofRyf on X has slopef}i. Plots pointing

to curvature of the functiog in (3) have been examined by Mansfield and Conerly (1987).
The aim of this paper is to build partial residual plot methods that are appropriate for

linear regression where the regression are right-censored and the standard regression pa-

rameters are estimated by the Buckley-James procedure.

2 BUCKLEY-JAMES REGRESSION AND
ESTIMATORS

Over the last twenty years there have been many regression methods proposed in the liter-
ature to cater for the commonly occurring situation where the response variable of interest

has been right-censored. The proportional hazards method of Cox (1972) has certainly

experienced wide usage. However, methodology based on the simple linear model enjoys
considerable support: because the modeling assumptions underlying proportional hazards
may not be tenable; because many models may be transformed to the linear; and simple
linear regression is conceptually well understood.

In this regard, the linear regression method of Buckley and James (1979) for regression
with censored response variable data has performed well in many simulation studies and
comparisons (Weissfeld and Schneider, 1986; Heller and Simonoff, 1990; Hillis, 1993; Wu
and Zubovic, 1995 and Currie, 1996). In particular, Heller and Simonoff (1992) discuss
how to make an appropriate choice between the distribution-free regression methodology
of Buckley-James and proportional hazards when estimating life-times in the presence of a
continuous explanatory variable.

In recent developments, the Buckley-James methodology has been enhanced by exam-
ining its association with classical least squares in areas such as scatter-plots, residual anal-
ysis and diagnostics (Smith, 2004). Much of this work has developed through the process
of 'renovation’ of the censored response data in the scatter-plot. In this process, based on
Buckley-James linear regression estimators, censored responses are adjusted to estimated
expected positions had they been unaffected by censoring, while uncensored responses
are not moved. These estimated positions will be consistent under the conditions that the
Buckley-James parameter estimates are consistent; essentially, that during the linear model
fitting process, the expected numbers of censored residuals and uncensored residuals be
large over the support of the residual distribution. Buckley-James estimation and the reno-
vation process are outlined as follows.
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Suppose that for eadh= 1,2, ...,n, the respons¥; is not completely observed but is
rather right-censored by a fixed censor titrhich does not depend on the response. This
means that the observed responses and co-variates are in the form

(Zi,éi,Xi), i:1727"'an7

wherez; = min{Y;,ti}, & = |y« are the indicators of censoring, aXd is theith row of
X. The censor variablg need not be random in general. We fit the model (1.1) to the data
set(Z,%;,%).

In the Buckley-James approach (Buckley and James, 1979), censored responses in the
scatter-plot of datdz;,d;,X;) are lifted higher in the scatter-plot by replacing them with
their estimated conditional expected respon¥éd), using a weighted linear combination

Y*(b) = Xb+W(b)E(b) 2.1)

of observed residua(b) = (e1(b),ex(b), ...,en(b))T = Z— Xbfrom a fitted line of slope
b= (bg,bx,...,bp) T through the observed responges: (Z1,2,...,Z,)". The entries in the
weights matrixV (b) = diag(d) + [wi(b)] in (2.1) are defined by

dFp(e(b)d(1-8) _
wi(b)={  -Rlab) if ex(b)>e&(b);

0 otherwise.

involving dy(ex(b)), the probability mass assigned Byto ec(b)). The weightw(b) is
upper-triangular matrix and satisfies: {ij is idempotence matrix. (i) Row suiv1 = 1.
Using Fy, the product-limit estimator based d(b). The Buckley-James estimator are
found by determine an iterative solutibn= f%bj to the equation

d(b) = (XTX)"IXTY*(b)—b=0. (2.2)

A solutionb = f&bj to (2.2) is reached iteratively when the norm of the left side is minimum
(James and Smith, 1984; Lin and Wei, 1992). This solution is of the form
Boj = [XTW(Bo))X]~XTW(Bo))Z

when (2.2) has an exact solution. If solution to (2.2) take the form of multiple zero-
crossings, or points wher@ changes sign, it is customary to takg; as their average
(see, for example, Wu and Zubovic, 1995).
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Once the Buckley-James solutibn= Bbj has been found, the response data may be
renovated to construct a scatter-plot depicting new estimated conditional expected value
positions for the censored points and unchanged locations for the uncensored points. This
may be done by calculating = W(ﬁbj) for using in the renovation slope estimate

B=(X"WX)"IXTwz

and then applying botW andb = [3 to (2.1). Sinc&VY* =W Z it follows that the renovated
response¥” = (Y;,Yy,....,Y)T satisfy

B=(X"WX)"IXTWY*

and
Y* = XB+W(Y* — XB). (2.3)

By a renovated scatter-plot we mean a diagram of the(paly*) with Y* in formula (2.3),

and renovated residuat$ = Y* — Xf% satisfyr* = Wr* and produce the same renovated
scatter-plotX,Y*). We assume this structure fo, [3, andY* in what follows. Note that

the results (Smith, 2004) show that the Buckley-James estimate is equal to the renovated
slope estimate d8 if and only if the zero crossing in (2.2) is exact.

3 PARTIAL RESIDUALS AND THEIR PROPERTIES

Givenp = (XTWX)~IXTWY*, the fitted values may be written as
¥ =XB=X(XTWX) " IXTWY* = H*Y*,

whereH* = X(XTWX)~1XTW is called the renovated hat matrix. As is the case for linear
regression with no censorinlg,* is idempotent and satisfiesH*) = p+ 1. Partial residual
plots are based on a partitioned structure@andH*. The developmentis centered around
the weights matrix?V which carries the censoring information through the ranking of the
censored and uncensored residuals.

Let X = (X1, X2) whereX; is ann x r matrix of rankr andXz is annx (p+1—r)
matrix of rankp-+1—r, and letH; be defined byH; = Xi (X{ W X)X W. We know that

H* = Hi + (1 — H)Xo[Xg W(l — H})Xa] " IXgW(1 — H). (3.1)

So that we are able to isolate on variable at a time in the model (1.1), we coXsidter
the structureX = (X1,X2) to be an x 1 vector with associated paramefer Then (1.1)
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becomes
Y =X1B1+XoB2+ € 3.2

with X; of full rank with a possible first column of ones. We establish result for the
Buckley-James estimation of the compongatn B = (B1,B2)" as
B2 = X3 W(I — H})Xe] 1P W(I — H})]Y".

Consider a renovated form of the left-side of (3.2) and rep¥abg the renovated response
vectorsy*, then theyY* still follow a linear model with a possibly changed error distribution.
Without loss of generality, this may be modeled as

Y* =X1B1+ XoB2 + €".
Then we may define the renovated partial residual vectoXidyy
o =Y — X1B1 = R +XoB2 = (1 = H*)Y* + X2

whereR* = Y* — X8 are renovated residuals ahtt = X(XTWX)~1XTW, the renovated
hat matrix.

The following theorem suggests that if we fit a linear model to the scatter-plot of the
entries ofR} against the corresponding entriesXy, then the slope estimate fﬁ‘g, the
Buckley-James estimate 3f.

Theorem 1. (The slop estimate). When a linear model is fitted to the scatter-plofof R
verses X the slope estimate fsz

Proof. Suppose that we fit the linear mod®], = al+bX;+ € to the scatter-plot oy ver-

susXp. In this case the design matrix has ones in the first column, and we use the represen-
tationX = (1, X2) and sinc&V1 = 1 (see property (i) oW henceH; = 1(1Tw1)~11Tw =
1117w, the the Buckley-James estimatoof b as

b = X3 W(I = H)Xa] X3 W(I — H})R;
= [XgW( —H})Xo] 7 1XJ (I—rl]llTW) o

whereRy is the renovated version & obtained using the renovation equation (2.3). Us-
ing the fact thaw? = W andw R, =WRy,, and with the simplifying labet = XgW(I —
H;)Xz] 1 this simplifies to

b

CXW(I — HY)R,
XGW(I — HD) (R + X2B2)
CX3W(I — HYR* + Ba.
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Now since R* = (I — H*)Y*, we can use (3.1) to show that the first term on the left-side of
this equation vanishes:

W (I —HR
cXgW(l —H}) (1 —H*)Y*

— W —HY) [(I CHpY

(I = H)XXJW (I —H;)Y*
XTW(I — Hi)Xe

XTW(I — HE) XX W(I — Hf)Y*]

XJTW(I —Hi)Xe

cXJW(I —H)Y* —=XJW(I —H})Y*] = 0.

c{szwa —H)Y* -

Henceb = B,.
Theorem 2 (Property of renovated leverage matrix). The renovated leverage of an
observation

ht = xT (XTWX)~1XTw,
in censored regression can be presented as follows
i = wil X (XTW X) =X Tw;.
and we havdy™ = hi, fori=1,2,.
Proof. From equation (3.1)

H* = H; + (1 —H) (XMXJ W) (I — H;)

whereH; = Xi(X{WX)~1X[W, and based on the Lemma 2.1 in Chartajee and Hadi
(1988) we find

H* = WXXTWX)~IxTw
-1
XTWX XWX XTW
(W we) 100 :
XIWX XJTW % XJW

gir G2 [ XJW
= (wx: wx) .
g1 M X5 W

WX (X W X)) “IXTW 4 (I — HY ) (XoaMXd WW) (1 — Hf)
Xy (X W) " XTWW - (I = Hp) (MXG WW) (1 — Hy)
X1 (X W X)) ™IXTW2 4 (I — HY ) (XoMXg W2) (1 — H),
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where gi1 = (X WX) ™1 + (XTWX) " L(XTW X )M (XF W X0 ) (XT W X)L

g2 = —(X{WX0) 1 (X[ WXe)M;

O21 = —M(XJWX) (XJWX) "L andM = [XJW(l — H;)Xo] L.

From the properties of the weight matrix, we knt# = W, idempotence. Hence

H™ = Xa(X{WX0) X W2+ (1 — Hi) (XoMX] W) (I — Hy )
= Xa(WX)TXTW + (1 = HE) 0MXg W) (1 = Hy)
= Hi+ (1= H)CeMXIW)(I - H])
= H*
Since the renovated leveradg, comprises the diagonal entriesldf, thereforeh* = hi
fori=1,2,...n.

4 RENOVATED PARTIAL RESIDUAL PLOTS

In order to illustrate the renovated partial residual plots and their properties in the cen-
sored regression model, we consider two examples from the Stanford heart transplantation
and the Kidney data which were used by Miller and Halpern (1982) and McGilchrist and
Aisbett (2001) respectively.

We here consider renovate partial residual plotsXprand X, respectively using log
Y as responses variable with log-survival times to the base 10 in the censored regression
model. LetX; be the age of patient as transplant while the variablée t5 for Stanford
heart data. We now develop the renovated partial resid{u@ts}’s scatter plots based on
results of sections 2 and 3.

Firstly, the regression coefficiefb; = [XTW(Bpj)X]~2X"W(fp;)Z is obtained based
on Buckley-James method in the censored regression for 157 patients with complete records
for the Stanford heart transplantation and 76 patients for the Kidney data sets respectively.

The second we compute the renovated respofiéesbased on the censored regression
equation (2.3) with Buckley James estimator for both data sets. There are two options to
find renovated respons€¥*}: (i) using regression line (2.3) with intercept and (ii) without
intercept respectively.

The third we calculate the renovate partial resid&js= R* + Xif%i = (I —H)Y*+
XiBi, and plot the renovated partial residuBls vs X;.

Finally a linear model is fitted the the scatter-pRjt versesX; for both data sets. The
renovated partial residual scatter pl¢®y } verses{X;} are given to show the results of
the sections 2 and 3.
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Example 4.1. The Stanford Heart Transplantation

The scatter plots of(X1,Ry )} are exhibited in Figure 1 whereas fp(X, R}, )}, the
plots are displayed in Figure 2. The two figures display renovate partial residual plots
which are develop from the renovated respongés The procedure of developing both
plots is similar except the renovated responSés} which are calculated with intercept
and without intercept respectively. Both plots in each figures display the regression line.
The regression line shows the slope of partial regression, and it will be compared to the
corresponding regression coefficiefﬁﬁs} for full variables. These coefficients of the fitted
regression line are given in the Table 1.

In the Table 1, the slope of renovate partial residuals<pfwhich calculated with
intercept is equal to 1.501. This finding is almost similar to the regression coefficient,
[31 = 1.136 for full regression model which develop frofii that computed using intercept.
Next we compared the slope of renovate partial residGathat calculated using* devel-
oped without intercept with the corresponding regression coefficient vﬁiuefé\gain the
result is parallel with the theoretical proving. The slope for renovate partial residual,
that developed using* which calculated without intercept is equal to 1.578 whereas the
f&l is equal to 1.211 for full regression model. It is clearly display that these two values did
not show any large difference.

Then, we do a comparison for thé renovate partial residuals slope with the corre-
sponding regression coeﬁicierﬁiz. From Table 1, the slope of renovate partial residuals
calculated using intercept is equal to 64.55 andﬁlzm& 62.20, from the full regression
model develop fronY* with intercept. The first plot shows no large difference in these two
values. Then we refer to the second plot in Figure 2, the slope for the second partial plot is
64.90 and thég = 6240, from regression model computed without intercept. These two
values also show the same sign and almost similar magnitude.Details partial regression line
for each plot and the full model regression can be refer to Table 1.

Example 4.2. The Kidney Data

There are seven variables which are id, time, censored status, age, sex, disease and frail
in Kidney data set which had been used by McGilchrist and Aisbett in 2001. Renovate
partial residual plots foX; using the Kidney data are exhibited in Figure 3 whereaXfor
the plots are displayed in Figure 4.

Figure 3 displays renovate partial residual plots using Kidney datXifowhere each
plot represent the one using 1&¢ which computed with intercept, and the other one is
developed from loy* that calculated without intercept. The renovate partial residual plot
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gives the slope value equal to -1.173 and this value is almost similar to the corresponding
regression coeﬁicierﬁl = —1.048 for full model. Next we look at the second plot, and
again the values for these two is not much different be@9.740 and—70.600.

In the Figure 4, the plots are corresponding to renovate partial residuals fofhe
findings for this plot also not disappointed, and we can show that the slope for renovate
partial residual plot for coefficient oX; is similar to the corresponding regression coeffi-
cientﬁi for full model in Table 2.

Now we refer to the Table 2 which is exhibited the similar results as Table 1. When we
look at the value of the regression coefficients in Table 2, we can see that the values of co-
efficient display almost the same except interqizptThis is another proof that can support
the theorem 1 that the slope of renovate partial residual plot is equal to the corresponding
regression coefficient for full variables.

5 CONCLUSION

Both examples produce satisfactory findings. Table 1 and Table 2, present a strong evi-
dence that the partial slope ¥ffor renovate partial plots and the corresponding regression
coefficient for full modelf&i displays almost the same value.

Each figure in section 4 produce plots for a partial residuals which develop¥raimat
computed using intercept and without intercept. As we can see from the plot there is no
different in the pattern and the location of the observations on the plot. The axis scale for
both plots also similar. The values of regression coefficient in Table 1 and Table 2 exhibit
the same sign and almost similar magnitude. Therefore theYiedoes not effect the
findings for the two cases of with intercept and without intercept.

Both renovated partial residual plots and properties are useful in the diagnostic and
local influence analysis for censored regression models. These problems will be discussed
elsewhere (see Aziz and Wang, 2009).
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5.1 Adding Tables

Table 1: Regression Line for Stanford Heart Transplantation

Renovated Using Estimate of  Coefficient
Y* Variable l§0 él [32
Calculated X; andX, 182.750 1.136 62.197
with X1 236.974 1.501 —
intercept Xo 228.950 — 64.550
Calculated Xj;andx, 176.785 1.211 62.394
without X1 231.171 1.578 —
intercept X2 226.000 — 64.902

Table 2: Regression Line for Kidney Data Set

Renovated Using Estimate of  Coefficient
Y* Variable f%o Bl Bz
Calculated Xj;andX,  220.094 -1.048 -69.740
with X1 144.179  -1.173 —
intercept Xo 175.400 — -70.600
Calculated X;andX, 218.346 -1.089 -68.979
without X1 143.271 -1.182 —

intercept Xo 173.22 — 69.860
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5.2 Adding Figures

Residuals R*x1
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Residuals R*x1
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Figure 1. Renovated Partial Residuals Plot for Msing Stanford Heart Data (a) with
intercept (b) without intercept
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Figure 2: Renovated Partial Residuals Plot for Msing Stanford Heart Data (a) with
intercept (b) without intercept
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Figure 3: Renovated Partial Residuals Plot farsing Kidney Data (a) with intercept (b)
without intercept
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Figure 4: Renovated Partial Residuals Plot forsing Kidney Data (a) with intercept (b)
without intercept
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