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ABSTRACT

A statistical problem arises in estimating a variance component in an analysis of
variance in various experimental designs when the estimate of the variance component
becomes negative. Various authors [Hartely (1950), Link (1950), Patnaik (1950), Leslie
and Brown (1966), Barlow et al. (1969), Pearson (1932, 1966) and Ahmad (1974, 1978)]
have devised alternative methods to estimate variance that guarantee non-negative
estimate of variance components. However, the distribution of the ratio of two ranges is
restricted to two samples of unequal sizes.

In this paper, an attempt has been made to extend Leslie and Brown (1966) F-test
F.g based on k samples of unequal sizes. The sampling distribution of ranges is

derived based on k-samples of unequal sizes from a standard normal population. Since
the integration is difficult to compute the critical regions, Monte Carlo procedure has

been adopted. An example is given to compare it with Snedecor F-test Fg and Fg.

1. INTRODUCTION

A number of applications of range, maxima, minima and other order statistics for
solutions of various problems arising in industrial quality control, floods, drought
predictions, climatology, engineering, medical science etc. have recently been discussed
by various authors [See Benjamini et al. (2004), Carbajal (2003), Fuentes (2002), Liu
(2001), Meinshausen and Buhlmann (2005), Petricoin et al. (2002) and Stephenson and
Tawn (2005)]. Among the known tests, Hartely (1950) used the ratio of maximum
variances to minimum variances in a set of k independent sample variances in place of
F-test. Link (1950) derived the distribution of ratio of two ranges from two independent
samples of unequal sizes and computed values of ratios for all combinations of sample
sizes at different levels of significance. McKay and Pearson (1933) derived distributions
of the range from normal population whereas Daly (1946), Lord (1947), Gupta et al.
(1964), Harter (1959) and others derived density of ranges. Leslie and Brown (1966)
obtained the density of the ratio of maximum range to the minimum range of k samples
each of equal size independently drawn from a normal population, proposed a test based
on the ratio and computed tables for this purpose. Pearson (1966) gave Monte Carlo
results on the three tests of heterogeneity of variance, including one of Leslie and Brown
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(1966). Later Ahmad (1974, 1978) obtained the probability function of the ratio of
maximum range to minimum range of k samples of varying sizes drawn independently
from normal populations and proposed an alternative F-type (K, say) test based on the

ratio, but no table was prepared for computing critical regions.

In this paper, the distribution of the proposed F, statistic has been used to obtain its

values for different values of n, at 5% significance level.

2. DISTRIBUTION OF ORDER STATISTICS
Let X be a statistic in a sample of size n; and its distribution function be G; X
with density g; x dx dG; X . The distribution of i"™ order statistic, Y, of a sample of

size k drawn from each of G; X, 1,2,...K is given by
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3. ATEST BASED ON THE RATIO OF RANGES
Leslie and Brown (1966) proposed a test based on W W, /W, .~ where W, is the

X
maximum of ranges and W, ;, is the minimum of ranges among k samples of equal sizes.

Suppose the sample sizes are unequal. The joint distribution of W, and W_, [see

k k
Ahmad (19743 1978)] isH vaaxawmin _GJ Wnax - ;Gj \Mlax G] Wnin g’
jr j1

and the cumulative distribution function of W is
w f
3

H w 3h x W Wi, dW, dx.
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The test basedon W is Ky where Fy, 1 H w D,

If nj nforeach j, G x G X reduces H W to an equation of Leslie and

Brown (1966). We have evaluated H w based on random samples each containing

n 2110,i 1,2,...10 observations drawn from a standard normal population and Ky,

values for upper 5% have been computed. [See Dara (2007) at website www.pakjs.com].

4. COMPARISON AND A NUMERICAL EXAMPLE

The Snedecor Fg, Leslie and Brown, F g and i, YDOXHV FRPSXWHG DW

two samples of equal sizes, are given in Table 1.

Table 1
Comparison of F-values for n, n,

Degrecof treedom | Fis i
(3.,3) 9.28 9.392 6.308
4,4) 6.39 6.371 3.973
(5,5) 5.05 5.149 3.161
(6,6) 428 4.487 2.769
(7,7) 3.79 4.070 2.510
(8,8) 3.44 3.781 2.336
9,9) 3.18 3.568 2.216

(10,10) 2.98 3.404 2.112

The F, values are smaller than the Fg and F g values. Fg is based on ratio of

mean square of treatments to error mean square where as F gand F, depend on ranges.
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Example: [Dougherty (1990)].

Suppose an engineer tests the abilities of three robots numbered 1, 2, and 3 to locate a
box of machine parts. Each robot is tested five times. The observations are given below:

Robot Observations W Mean
1 93 56 82 104 45 59 76.0
2 42 64 112 73 100 70 78.2
3 30 55 60 98 85 68 65.6

W is the range of the ith Robot giving W, 70 and W,,, 59, then
W 70/59 1.68.

The ANOVA gives Fg 227/705 0.32 and F 2,12 3.89. Therefore Fg does

not reject H, .

Now, F g 3,5 4.018 and Fy 5,5,5 4.016. The MS E 705 is much larger
than the MS Robots 227 giving negative values of Robot variance component and as

such Fg may not be a good test statistic. Either K or F g is applicable however with
both of them not rejecting H, at D 0.05.
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