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ABSTRACT

In this paper, a size-biased Geeta distribution (SBGET) is defined. Recurrence
relations for central moments and the moments about origin are given. Different
estimation methods for the parameters of the model are also discussed. R- Software has
been used for making a comparison among the three different estimation methods and
with the simple Geeta distribution.
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1. INTRODUCTION

The weighted distributions arise when the observations generated from a stochastic
process are not given equal chance of being recorded; instead they are recorded according
to some weight function. When the weight function depends on the lengths of the units of
interest, the resulting distribution is called length biased. More generally, when the
sampling mechanism selects units with probability proportional to some measure of the
unit size, resulting distribution is called size-biased. Size-biased distributions are a
special case of the more general form known as weighted distributions. First introduced
by Fisher (1934) to model ascertainment bias, these were later formalized in a unifying
theory by Rao (1965). These distributions arise in practice when observations from a
sample are recorded with unequal probability.

If the random variable X has distribution f (X;B) , with unknown parameter 0, then
the corresponding size-biased distribution is of the form
. x°f(x0
f (x;@):&, (1.1)
He
R=[x°f(x 7jdx  for continuous case

and
R=Yxf(x 17 for discrete case. (1.2)
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Whenc=1and2, we get the simple size-biased and area-biased distributions
respectively.

In this paper, a size-biased Geeta distribution (SBGET) is defined. Recurrence
relations for central moments and the moments about origin are obtained. The estimates
have been obtained by employing the moments, maximum likelihood and Bayesian
method of estimation. In order to make a comparative analysis among the three
estimation methods for the parameter of the size-biased Geeta distribution (SBGET), one
of the standard software packages R- Software is used which is meant for data analysis
and graphics. Also, Comparison is made with the simple Geeta distribution.

2. GEETA DISTRIBUTION

Consul (1990a) defined the Geeta distribution over the set of all positive integers with
the probability mass function as

P[X =x]= ! [Bx_lja“(l—a)ﬁxX;x—l,z...
Bx—-1{ x

l1<p<o'and 0<a<l. (2.1)

The Geeta distribution has a maximum at x=1 and is L-shaped for all values of o
andf . It may have a short tail or a long tail depending upon the values of o andf . Its

mean and variance are given by
p=(1-o)1-op)” 22)
a(l-a)(B-1)+(1-a)’ (1-ap)
(1-ap)y’
o’ =(B-Da(l-o)1-of)~ =pu-DBEr-DE-D".

The family of Geeta probability models belongs to the classes of the modified power
series distributions (MPSD) and the Lagrangian series distributions. Consul (1990b) also
expressed it as a location-parameter probability distribution given below:

roxn=gl 5 ] [

Bx-1 X
3. SIZE-BIASED GEETA DISTRIBUTION (SBGET)

=

Bx—X

;x=1,2,3.... (2.3)

A size-biased Geeta distribution (SBGET) is obtained by applying the weights X°,
where c=1 to the Geeta distribution (2.1).

We have from (2.1) and (2.2)
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S x- P(X = %) =(1—o)(1— )"
=1

This gives the size-biased Geeta distribution (SBGET) as

PIX = x]:(l—aB)[ Eﬁzjax‘l(l—a)ﬁx‘x“ cx=1.2...

1

I<B<a and O<a<l1 3.1

3.1 Moments of SBGET
The ™ moment ; () of SBGET (3.1) about origin is obtained as

W(=E(X)=3SXB[X=x  ;rl2..
x=1
() = il X' (l—aﬁ)( E ): 2](1“(1—(1)““ : (3.2)

Obviously p(s)=1and forr> 1

M;f (s)= (1—0([3) i X+ l( Bx_zjaxl (l_a)[}x—x—l

(1—(1) x=1 x| x-1

_(I_G“B) S+l _
= —o XZ:jlx P[X =X]

(g2 079B)
ur (s)= o Mo (3.3)

where ., is the (r + 1)™ moments about origin of Geeta distribution (2.1).

~—

The moments of SBGET can be obtained by using relation (3.3) as

(1 —20+ OLZB)
pi (s)=Mean= — (3.4)
(1-ap)
and similarly Variance of SBGET (3.1) is given as
2(B-1)a(l-a
U, (S)=M, (3.5)

(1-ap)’

The higher moments of SBGET (3.1) about origin can also be obtained if the higher
moments of Geeta distribution are known.
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4. RECURRENCE RELATIONS FOR THE MOMENTS ABOUT
ORIGIN OF SIZE-BIASED GEETA DISTRIBUTION

The recurrence relation can be obtained by differentiating (3.2) as

o uy (s) _$x [BX-Z][i{ax1(1_aB)(1_a)Bxxl}:|
oa.

x=1 x—1 oo

= f X' [ BX_zj(l—otB)OLXI(l—ot)BXXI {(X_l)(l_a)_a(ﬁx_ X_l)}

%=1 X—1 a(l—a)

R Px=21 _\Bx=x-1
szzlx(x_l ]a (1-o)

_ (I—OLB) i XHI[ px-2

a(l-a)xi x—1

(20-1) = Px-2 B e
+MX=1X( x—1 ](l af)a™ (1-a)

_ S o BX_Z X=1 1 \Bx—x-1
szzlx(x_l ]a (1-o)

_(-ap) , (20-1) B,
S a(l-a) r+1(s)+a(l_a)ur(s) (l—aB)ur(s)

j(l —af)a ! (1— )Pt

, a(l-a) o (S) apf(l-a) , 20-1) |
(9= als) ablow o ecl) g @
(I-0p) oo (1-0p) (1-ap)
The above recurrence relation can be used for getting the higher moments of the
model (3.1)

4.1 Recurrence Relations for Central Moments of Size-Biased Geeta Distribution
We define the k-th central moment L, of size-biased Geeta distribution (SBGET) as

x=1

© -2
o= £ 0w 1o P o amapoe

Differentiating with respect to o, we get

(03] 2 oo e

x=1

ow _(1-ap) g (I-a)um  (20-Du  ap
oo oc(l—oc)uk+1 (1—a[3)+ a(l-a) " a(l-a) kaa“k“'
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The above expression gives the recurrence formula

~afa-1) oy . ka(l-a) op
Pt = (I-ap) do  (1-op) Oa

~ (2oc—1)(1—ocB)—oc(l—oc)B+u(l—ocB)2
(I—OLB)2

The above recurrence relation can be used for getting the higher central moments of
the model (3.1).

My -

5. ESTIMATION METHODS

In this section, we discuss the various estimation methods for size-biased Geeta
distribution and verify their efficiencies.

5.1 Method of Moments
In the method of moments replacing the population mean and variance by the
corresponding sample mean and variance, we have

(1—20L+0c2[3)
X=ro—— (5.1
(1-ap)’
and
g2 =w_ (5.2)

(l—ocB)4
On simplifying (5.1), we get
o’B(BX—1)-2a (X —1)+X-1=0.

Solving above equation fora, we get the estimate of o in terms of X and E.

Substituting that value in equation (5.2) and using the iterative method with the help of
R- software, we get the estimate for 3 .

5.2 Method of Maximum Likelihood Estimation
The likelihood function of SBGET (3.1) is given as

n

R N (R b

—_

L(xapB) =C(1-ap)" 0¥ "(1-a)¥ " (5.3)

d n ( px -2
Where y=3 % and C= []
i=1 iz % -1
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The log likelihood function is given as

=2
Log L= ilog[ﬁ)(' 1J+(n7(—n)logot
i=1

+([3n7<— nx— n)log(l—a)+nlog(l—aﬁ) 5.4)

The likelihood equations are given as

amgL_Oﬁ—m_(mﬁ—ﬁx-ﬂ_ B, 5.5)
oo« l-a (l—aB)_ )
OloglL — oy o

2 =log nx+ Nxlog(1- o) (—ap) 0. (5.6)

For the numerical solution of above two likelihood equations, we operated with the
iterative method of (NLM) function in R- software and the estimates of oo and B are

reflected in tables 1.1 and 1.2.

5.3 Bayesian Estimation of Parameter of Size- Biased Geeta Distribution (SBGET)

Since 0 < a <1, therefore we assume that SULRU LQIRUPDW BRsGndwve R XW .

from beta distribution as

o (1- a)b_l
B(ab)
The posterior distribution from (5.3) and (5.7) can be written as

(1 _ aB)ﬂ o yranl (1 _ a)ﬁY—Wb-l—n

j.(l—OLB)n qyraml (l_a)ﬁyfy”}l*n do. '
0

Thus f(o)= :0<a<l, a>0,b>0. (5.7)

[(a’y)=

The Bayes estimator of o is given as

b= j’a [T(a/y) do
0

(1-ap)" 0¥ "(1 —a)ﬁy_wb_ " do

[ ——

: (5.8)

(o}
Il

(1 _aB)n qyraml (1 _a)ﬁyfyﬂFfH do.

S —_

1
where [(1-ap)" OLera*"(l—(;L)ﬁy_ym_rH do =
0

[(y+a—-n+1)T(By+b-y- n)°F[-n, y+a- n+LBy+a+b-2n+1,B]  (5.9)

ZKHQ
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1
and  [(1-ap)" awa*ml(l—oc)ﬁy_wb_mda:
0

I'(y+a-n) T(By+b-y-n) *F[-n y+a- nBy+ ar b-2n,p]. (5.10)
Putting these values in equation in (5.8), the Bayes estimator of o is obtained as

(y+a-n) *F[-ny+a- n+LBy+a+b-2n+Lp]

o= 2
F[-n y+a-npy+ a- b-2n,p]

. (5.11)

6. COMPUTER SIMULATION AND CONCLUSIONS

It is very difficult to compare the theoretical performances of different estimators
proposed in the previous section. Therefore, we perform extensive simulations to compare
the performances of the different methods of estimation mainly with respect to their biases
and mean squared errors (MSE’s), for different sample sizes and of different parametric
values. Regarding the choice of values of (a, b) in the Bayes estimator (5.11), there was no
information about their values except that they are real and positive numbers. Therefore 25
combinations of values of (a, b) were considered for a, b=1, 2,3,4,5 and those values of a, b
were selected for which the Bayes estimator & has minimum variance. It was found that

for a=b=5, the Bayes estimator has minimum variance and F values between the

simulated sample frequencies and the estimated Bayes frequencies were the least. Data
given in tables (1.1) and (1.2) are the zero-truncated data of P.Garman (1923) and Student
(1907) on counts of the number of European red mites on apple leaves and yeast blood cell
counts observed per square. In table-1.1, comparison is made between the different methods
of estimation for the parameter of size-biased Geeta distribution and it was observed that
the Bayes estimator provides us the better fit against MLE or moments estimator. Also,
table-1.2 reveals that the size-biased Geeta distribution provides a better result in
comparison to simple Geeta distribution.

Table 1.1
No. of mites Leaves Expected frequency
per leaf Observed Mom MLE Bayes
1 38 37.96 37.95 37.98
2 17 16.34 16.56 16.92
3 10 9.43 9.53 9.83
4 9 9.10 9.15 8.97
5 3 2.46 2.73 2.95
6 2 1.96 1.97 2.01
7 1 1.14 0.98 0.99
. 0 1.61 1.13 0.35
Total 80 80.00 80.00 80.00
D 0.02 0.24 0.56
E 23 2.53 2.0
x? 0.254 0.057 0.017




316 On Size-Biased Geeta Distribution

Table 1.2

No. of cells | Observed No. Expected frequency
per square of squares GET SBGET
1 128 126.58 127.34

2 37 36.12 36.92

3 18 17.34 17.62

4 3 2.58 2.93

5 1 1.34 0.97
26 0 3.04 1.22
Total 187 187.00 187.00

D 0.01 0.43

E 2.58 1.98

x> 0.255 0.028
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