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ABSTRACT

The understanding about influence measures is not new and certainly dates back to
the first effort to detect anomalous observations that exert an unduly large impact on the
regression output. The earliest development in this context that we have been able to
locate is by Cook (1977). In recently the phrase ‘influence measures’ has glimpsed a
great surge of research interests. In this paper the development of such measures is
investigated from the early criteria of Cook’s to the present. Major influence measures

treated are Cook’s distance ( D; ), Modified Cook’s distance ( Di* ), Andrew and Pregibon

( AR) measure, Hadi measure ( Hi2 ), Welsch and Kuh distance (WK; ), Welsch distance
(W), Cook and Weisberg likelihood displacement ( LD, ) and the idea of local influence
inspired by Cook (1986). The goals of these influence measures are also discussed.
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1. INTRODUCTION

For a model Y XE , where X is an nup¢ full rank matrix of known
constants, Y is an N x 1 vector of observable responses, E is a paul vector of
regression coefficients to be estimated and F is an n ul random error with E( Bl = 0,
Var H ;\/n and E KH;H 0. The ordinary least square (OLS) estimate of Eis
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These statistical measures are considerably affected by only one or few data points. It
contributes that not all data points have the same significance in determination of
statistical measures through various proposed methods and that such kind of data points
confused the scientists in drawing conclusions. It is, therefore, worthwhile for a
researcher to see how much influence or leverage each data point can hold on each fitted
value in fitting linear models by OLS. For the fitted value corresponding to the data value
the link is especially uncomplicated to understand. This ca n discloses multivariate
outliers among the explanatory variables which might otherwise be hard to detect. The

wanted information is obtainable in the n un hat matrix H 1’\j ‘1; The term “hat

matrix” is due to John W. Tukey. It has been analyzed by numerous scientists from
different views since the first article by Hoaglin and Welsch (1978). This matrix has
different uses. But its major concern has been the kind of technique best adjusted to find
leverage points in linear regression. Suppose h; is the ith diagonal element of H. It can

be intended of as the amount of leverage of the response value Y, on the corresponding

value ¥; . Comprehensive debate of features and significance of H in data analysis, can be

met in Hoaglin and Welsch (1978) and Cook and Weisberg (1982). Hoaglin and Welsch
(1978) advocated investigation of h; for high-leverage design points and proposed

2p @n as a calibration point for h; .

Numerous measures have been introduced in the literature. In Table 1; we present
mathematical quantities for numerous influence measures along with considerable
comments given in the literature. We observe that the quantities are intimately linked;
each based on reasonably different doctrine and possibly planned to detect unusual
phenomenon in the experiment.

The remainder of the article is organized as follows. The next section contains the
goals of influence measures. In Section 3 we report the beginning of global influence
measure, developments of others measures, their features and interconnection are also
discussed. These sections also motivate the following section in which we comment on
some of the dimensions of recent developments to influence methodology. Finally,
Section 5 offers a summary.

2. THE GOAL OF INFLUENCE MEASURES

The term ‘influence measures’ is engaged to detect anomalous observations that exert
an unduly large influence on the regression coefficients, estimated variance of regression
coefficients, the fitted values, the goodness-of-fit statistics, etc.

A definition about influence, which appears most suitable, is given by Belsley et al.
(1980).

An influential observation is one which, either individually or together with several
other observations, has a demonstrably larger impact on the calculated values of various
estimates. .. than is the case for most of the other observations.

As an illustration, FACE-2, the second aspect of the Florida Area Cumulus
Experiment, was intended to verify the evidence from aspect one that cloud seeding can
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assemble rises in natural rainfall (Woodley et al., 1977; see also Bradley Srivastava and
Lanzdorf, 1979). The case statistics, estimated coefficients and standard errors for the fit
of a selected model for FACE-2 are given in Cook and Weisberg (1980). Three cases are
of concern: case 2 because of D, 1.51 and cases 7 and 24, because of t;  4.03 and

t),  3.62. The large value of D, 1.51, indicates that omission of this case may result

in significant changes in the fitted model. Both unseeded days, cases 7 and 24 have very
larget;, each with p-value 0.05 for the outlier test. From their related

b, 0.5593,hy,,, 0.4539 neither case is especially unusual. It is clear from the

original data (Weisberg, 1980) that day 2 is categorized as “disturbed day”, and on this
day the cloud cover C was 37.9%, and it is distinctly unlike from the remaining days in
the study.

Gray (1989) presented a valuable discussion on the use of influence measures. A
simple linear regression of PRICE on SQFT (Mendenhall et al. 1986, 544-545) was
performed and influence measures were computed for each of the 50 cases. These
influence measures discloses cases 49 and 50 to be of concern. Case 49 is an outlier,
because of t,, 4.29. The values of D,y 0.207 and DFFITS,, 0.81 indicates that

case 49 also has a relatively considerable impact on the estimation of E and the fitted

values. Inspection of the data indicates that the price of this house sold (129, 000$) for far
more than alike homes in the data set. The large value of hys, 0.249; no other case

has h; bigger than 0.083, indicates that case 50 is an extreme outlier in the independent

variable. Its standardized residual of t;, 1.04 is satisfactory and would communicate no

attention by most data analysts in the residual sense. However, in this scenario influence
measures (Ds, 0.179, DFFITS;, 0.60 and AR, 0.266) indicates that this case

also has a considerable effect on the regression output. In the similar fashion, Wood
(1973) talked about a regression problem from the petroleum industry in which three
‘bad’ observations resulted in savings of millions of dollars for a company.

Obviously, outliers need not be influential observation; the results of study may be
necessarily unaltered when an outlying case is deleted. Mickey et al. (1967) and Draper
and Smith (2005) also declared that an outlier need not be influential after analyzing a
good example. It is helpful to consider an influential observation as a particular kind of
outlier. Currently, the study of such kind of observations has attracted many of research
activities due to the significance of following issues.

1. The work of influence gives facts about accuracy of judgments and their
dependence on the appropriate model

2. The study of outlying cases need not be influential, may indicate areas in the
observation space with inadequate coverage for reliable estimation and prediction.

3. The investigation of influential observation can benefit the researcher to narrow
the gap between influence measures and their application in practice.

4. Finally, the study of influence measures frequently useful to disclose unusual data
that go undetected in a residual-only analysis.
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3. THE BEGINNING OF INFLUENCE MEASURES

The year 1977 can be aptly taken as the start of one of the most dynamic and
innovative periods in the history of influence measures. The story of the major
breakthroughs of influence measures before 1986 in linear models into a subject in its
own right through the work of such scientists as Andrew, Belsley, Cook, Hadi, Kuh,
Welsch and Weisberg has been presented by Chatterjee and Hadi (1986). Our present,
rather narrow intention in the rest of the lines of this section is to depict how the modern
idea deals with influence measures established over this period. To this end, we shall
place particular attention on the influence measures for linear models which scientists had
experienced in practice.

The Studentized residuals, t; and the plot of the residuals were considered the most

appropriate statistical devices to detect potentially critical observations in the literature
before the third quarter of the 20™ century. Behnken and Draper (1972) have clarified that

the estimated variance of the residuals, V R; include pertinent information beyond that
provided by plots of residuals or Studentized residuals. Cook (1977) seems to have been
the first to establish a simple measure, D, that incorporates information from both t;
and V R; . This measure is based on confidence ellipsoids and its goal is assessing the

contribution of each observation to the determination of the least squares estimate of the
parameter in full column rank linear regression models. A large value of D, depicts that

the related ith element has a weighty influence on the estimate of parameters. Welsch and
Kuh (1977) presented Di* its modified version. The major difference between D; and

Di* is the selection of scale. D; applies X X and \}, while Di* applies X X and \/ZI .

Thus D; assesses the influence of the ith data point on E only, whereas Di* assesses the

influence on both Eand . Atkinson (1981) debated that Di* :

1. Contributes more attention to extreme values,
2. Is more appropriate for visual displays, and

3. The plots of D" and ’t i*’ alike for the balanced case for all i.

In a different manner to influence judgment, Andrews and Pregibon (1978) proposed
a measure, AP; based on the use of the determinantal ratio for detecting those cases that

need particular care in the factor space and in the response factor space. For each
individual observation, we have 0 " AR ” 6PDOO YARQuX lssocit¢d with
influential cases. It is invariant under permutation of the columns of Z X:Y .

Therefore, the vector of responses Y is not paid particular credit. For this argue, it does
not give entire use of the structure of the regression problem. Draper and John (1981)
carry out a comparative analysis of AR and D;. In short, the inspection and working

of AR reflects that it may serve as an omnibus measure of influence.
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The study of fitted values and standard errors of estimates has possibly been a
segment of regression analysis since their inception. Belsley et al. (1980) introduced a
measure, DFFITS, to see the impact of case deletion on the fitted values. This measure
gives the standardized change in the fitted value of the omitted case. The major benefit of
this measure is that it does not base on particular coordinate system used to form the
regression model. Chatterjee and Hadi (1986) abbreviated DFFITS for simplicity by WK; .
Velleman and Welsch (1981) argued that “values greater than 1 or 2 seem reasonable to
nominate points for special attention.” Belsley, Kuh, and Welsch (1980) also established

another influence measure to judge the impact of the ith data point on Var E . They
abbreviated it COVRATIO, and determined by equating the ratio of det 'Var E " to

det 'Var E . This measure is based on ith leverage, and the Studentized residuals. The

rough idea about its value is that it will be large if ith leverage value is large and small if
the Studentized residual is large. As a diagnostic measure, an observation whose
COVRATIO is not near unity, may be declared influential and need further study.

An individual or more data points can exert significant impact on the analysis and yet
go undetected when the residuals, fitted values, standard error of estimates are examined.
A notable class of tools of influence can be based on empirical influence function
discussed in Mallows (1975). Cook and Weisberg (1980) suggested a measure based on
this function. In this measure they recommended the idea of logarithm to the ratio of the
volume of the 1 D 100% confidence ellipsoids. This ratio is based on a set of data with

and without the ith observation as a measure of influence.
They comment about it as:

If this quantity is large and positive then deletion of the ith case (observation)
will result in a substantial decrease in volume ... (and if it is) large and
negative, the case will result in a substantial increase in volume.

Another considerable contribution from Cook and Weisberg (1980) is another
influence measure, which is based on the contours of the log likelihood function. Cook
and Weisberg (1982) introduced a measure to investigate the influence of the ith
observation on estimated regression coefficients, which is based on the probability model
used in the study. It is abbreviated by LD;. This measure may also be explained in
relation with asymptotic confidence region described for example in Cox and Hinkley
(1974). Also, Welsch (1982) suggested a diagnostic tool, W; with a minor change in the
basic idea to measure the influence of the ith observation introduced by Hampel (1968,
1974). Chatterjee and Hadi (1986) argued that W is more fragile than WK; to the ith

leverage point. Therefore, the simplicity of WK; entices many researchers to opt for WK;

instead of W . Detailed discussion on measures developed before 1986 in linear models
can be found in Chatterjee and Hadi (1986, 88).
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Hadi (1992) argued that the area of regression diagnostics has seen a great surge of
research activities during the last quarter of the 20™ century due to the numerous articles
that appeared in the literature. In this article, he introduced a new overall potential
influence measure and a graphical display in linear models, which enjoy several desirable
properties that many of the numerous used diagnostics do not generally own.

This measure is designed to detect the overall potential influence, while frequently
used influence measures are techniques each of which is planned to find the influence of
observations on a specific statistical quantity. It also enjoys several beneficial properties
that many of the measures before this do not generally enjoy: (1) it is an additive function
of measures of leverage and of residual error, (2) it is monotonically increasing in the
leverage values and in the squared residuals, (3) invariance to nonsingular
transformations of the explanatory variables, and (4) invariance to location and scale in
the response variable. The graphical display of this measure which is appropriate for both
single and multiple case influences also depicts the source of influence. Professor Hadi
also made an analytical and empirical comparison between the new measure and the
existing one which indicate that new measure is superior to frequently used measures.

Studying these influence measures we can make out a general feature to all of them is
that in order to determined these measures the least square residuals, the leverage points,
the fitted values, and volume of confidence ellipsoids need considerable attention.

4. RECENT DEVELOPMENTS

Recently, there has been a continuous change of opinion upon the suitable application
of influence measures, which has been due to the work of others apart from Cook. There
is no space to remark the work of every scientist here. Until about the time of the
appearance of Cook’s work influence analysis had been used only by a small band of
enthusiasts. During the past twenty years many data analysts and some mathematical
statisticians in all areas of the world have contributed in influence analysis and a great
many new aspects have been discussed. They all depend upon the principles that have
been outlined by Cook (1986), and consist largely in refinements of influence measures
appearing in the literature.

Major treatises on influence analysis, however, incorporate some reference to Cook’s
‘Assessment of local influence (with discussion)’, and this paper would not be complete
if it did not portray the work based on the notion of Cook’s for the judgments of
influence. Cook’s is a great academician, visionary; widely read intense individual with a
deep commitment to subject and is very critical of his own work, which made him a
superb research leader. Cook (1986) seems the first scientist who introduced a local
influence measure which is based on the perturbation of a case and not on its total
deletion. For its development he exercised the notion of differentiation instead of
deletion. Cook’s idea of local influence is contributed for the simultaneous treating of
perturbations to all cases. Cook proposes concerning the likelihood distance

LDw 2 l_ E L AEV ;, where W the perturbations are mathematical quantities put

into the model or some other appropriate measure of the distance between E, and
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E kL, , as a surface in the n-dimensional Euclidean space of w. He then suggests a
line across this surface with direction cosines | which goes through the point w, of the
null perturbation. This line is thus of the kindw w, dl, with “d” assessing distance
along the line and |d| being the Euclidean magnitude of the perturbation. The direction
cosines | are thus related with the cases of the data, and the n dimensional surface
LD w is substituted by the much more amenable one-dimensional influence curve
'd,LD wy dI " .The next fundamental thought is to select the direction |. This is

perfectly exercised in relation to a perturbation of selected magnitude “d”, so that
LD w, dl is as large as potential; the single perturbations contributing to “d” which

each case should meet are thus selected, the most influential cases being those related
with the larger direction cosines. There is refined view for finding | due to Cook (1986).

The required second derivative of LD w;, dl , which Cook stress as the curvature at

WO , measures as
G 2L, where Jif 1
' WL Ew /wEmy and

L ‘WL E/wE W\assessed at Eand w, .

In practice, there are various manners in whichG,, ' and L can be applied to
examine the local influence. The two possible choices are the extremes C .
and C;, min C . The C
absolute eigenvalues of

max, C

ax and C.. equivalent to the maximum and minimum

F 'wL B /wZwzwith jk 12,..0

The vector | shows how to perturb the postulated model to get the biggest local
changes in the likelihood displacement. Suppose |, is the ith element of |, determined

to be relatively large when simultaneously perturbing all case-weights in linear
regression. This suggests that perturbations in the weights W of the ith case may
contribute significant changes in the conclusion of the study.

Cook’s statistical diagnostic measure is a simple, unifying and general approach for
judging the local influence in statistical models. Currently interest of scientist in its
application is increasing in wide area of research due to it’s distinguish feature of log-
likelihood contours. Beckman, Nachtshein and Cook (1987) presented a valuable
discussion on the use and application of local influence method inspired by Cook (1986)
to the analysis of linear mixed models. Thomas and Cook (1989, 1990), also do the same
to judge different kinds of influence in generalized linear models, while Pettitt and Bin
Daud (1989) derived plots and apply Cook’s local influence idea for Cox proportional
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hazards model to assess certain model assumptions. Detailed discussion on the
connection between local influence analysis and residual diagnostics can be seen in
Schwarzmann (1991).

Undoubtedly there have been numerous practical and theoretical problems which
arise in Cook’s approach. These difficulties are computability of the maximum curvature,
lack of definition of the parameters, lack of invariance of the curvature under
reparametrisation of the perturbation strategy and choice of yardstick. So, Schall and
Dunne (1992) presented a modification of Cook’s measure for the local influence of
model perturbations which is invariant over reparametrizations of the perturbation
strategy. Also, Billor and Loynes (1993) introduced a new measure of local influence
which is easier to compute. In addition, they classify perturbation strategy into two main
categories: data perturbation and model perturbation, which intend modifying the
assumptions.

Lee and Zhao (1996) examined the sensitivity of Pearson’s goodness of fit statistics
with respect to generalized linear models by adapting the same idea of Cook (1986).
Choongrank Kim (1996) introduced an influence method called replacement measure
which is a scalar version of Cook’s local influence method.

Tan Qu and Kutner (1997) have illustrated the use of local influence measure for the
binary regression model. Zhao and Lee (1998) made an attempt using the idea of local
influence to evaluate the effects that perturbations to the endogenous variables,
exogenous variables and case weights may have on the parameter estimates for
simultaneous equations models. Billor (1999) also highlighted studies on the ridge
regression diagnostics. Also, Shi and Wang (1999) highlighted the local influence of
minor perturbations on the ridge estimator in the ridge regression model by using Shi’s
(1997) method, while a connection between local and deletion influence in Rancel and
Sierra (2000). However, Farrell and Candigan (2000) have illustrated the use of the local
influence measure for the binary regression model.

In multiple linear regression model the study of influence measures have been well
treated with respect to OLS which can be established to a useful technique under a much
wider variety of models. Currently, modern reduction methods attempt to find out
possibly complex relationships between a response variable and p-dimensional predictor
variable through graphical analysis with respect to lower-dimensional projections in the
regression setting. In recent days, there has been much research into the sensitivity of
dimension reduction techniques. It has been proven that numerous dimension reduction
techniques can be extremely sensitive to certain observational types (Li and Duan, 1989;
Li, 1991, 1992; Lue, 2001; Gather et al. 2002; Prendergast, 2005, 2006, 2007
Prendergast and Smith, 2007) whilst Olive (2004, 05) studies the detection and
subsequent treatment of unusual observations for improved OLS estimation.

Huang, Kuo and Wang (2007) developed the pair perturbations influence functions
for the sensitivity analysis in principal components analysis and also establish a
connection between the empirical pair perturbation influence and local influence pair
functions. However, Prendergast (2008) introduced a new influence measure, similar to
cook’s distance, that is useful for detecting influential observations under an assumed
single-index model.
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Table 1: Summary of influence measures
Name Notation and Formula Criterion Remarks Reference
The residuals vector can be compared
directly in the analysis
Var t 1, 1i,independent of V ,and
Studentized | 7 t § D as the model is correct :
. i ' n pe2d — Weisberg(1980)
Residuals /1 h © 2n Cov t.t corr &.8
n
Unlike g, |t zO0,althoughE t 0
il
o1 Monotonic transformation of the
* n . .
R Student t % tn pcl standardized residuals Atkinson(1981)
2 %2
n peh tton pg of
0 dhy di Hoaglin and Welsch
Leverage h x(X'X) 'y hi '2pén Whenever h;  Oorh; 1, we have (1978), Velleman and
h 0 jzi Welsch(1981)
Combine the information from h; and t;
Cook’s B D IE Measures the influence of the ith data
Distance Di hitit/pel h; ' Dpm pe point on Eonly Cook (1977)
Uses X'X and \
Contributes more attention to extreme
Modified , N N o
Cook’s DI WK, '®n pycg D 12 ['n pc/n More suitable for visual display geﬁsg 721;ld
Distance P é The plots of D;k and ‘tf‘ similar for the uh( )

balanced case 1
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Name Notation and Formula Criterion Remarks Reference
DFFITS It does not base on particular coordinate
Welsch-Kuh 3 0y [(ndn system used to form the regression mode | Welsch and Kuh
Distance WK ti* f /h% WK 12 p ¢ n Gives the standardized change in the (1977)
h fitted value of the omitted case
Welsch’s } N V
W WK [N % | Measures the influence on both Eand
Dictanoe [ WK, ! h W 13/p¢ Welsch (1982)
Unit less technique
Andrews- Invariant under permutation of the Andrews and
. 2/t . Pregibon(1978)
Pregibon AR 1 h 1 / ee small columnsof Z X:Y Cook and
Statistic The vector of responses Y is not paid Weisberg(1982)
particular credit
Useful to investigate the influence of the
Cook and D 21 E L AEi ° g ith observation on estimated regression Cook and
Weisberg : 4 3 pe coefficients, which is based on the Weisberg(1982)
probability model used in the study
COVRATIQ Useful to judge the impact of the ith data
3p |pointonVar E
&ul; afllld _ & pet? pe [COVRATIO | S2POIP Belsley et al. (1980)
elsch ratio 7(:1 ./ 1k n Based on ith leverage, and the
d P t Studentized residuals.
An additive function of measures of
2 leverage and of residual error
2 pe ; : .
H; " H.2>mean H Monotonically increasing in the leverage
Hadi’s I h e & i H values and in the squared residuals Hadi (1992)
Measure _ f 2 Invariance to nonsingular transformations
L var(h™) of the explanatory variables, and
I h Invariance to location and scale in the

response variable
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5. SUMMARY

The main concern of influence measures is to furnish the researchers in order to
improve the understanding of how the behavior of one or more observations and model
both act to locate those observations having a significant effect on the final remarks in an
experiment. Further study of influence measures suggested more intuitive perception and
understanding about the statistical model and the procedure giving the data. Therefore,
we may proposed that without the intelligent use of influence measures anomalies should
not be declared as ‘outliers’ and removed from the study. It may occur frequently that
anomalies turn out to be the most significant data in the experiment. There are many
instances in which the most doubtful data point became to be the concerning. We can
only advocate extreme care and common sense when inspecting the data and the form of
the model. In short, the use of influence measures together with the more conventional
residual measures, the notion of leverage and the skills and knowledge of the analyst to
reveal problems with the data/or the model is highly recommended.

REFERENCES

1. Andrews, D.F. and Pregibon, D. (1978). Finding the outliers that matter. J. Roy.
Statist. Soc¢Ser. B, 40, 85-93.

2. Atkinson, A.C. (1981). Two graphical displays for outlying and influential
observations in regression. Biometrika 68, 13-20.

3. Bardley, R.A. Srivastava, A.S. and Lanzdorf, A. (1979). Some approaches to
statistical analysis of a weather modification experiméithnical report M490.
Department of Statistics, Florida State University, Tallahassee, FL 32306.

4. Beckman, R.J. Nachtsheim, C.J. and Cook, R.D. (1987). Diagnostics for mixed-
analysis of variance. Technometric29, 413-26.

5. Behnken, D.W. and Draper, N.R., (1972). Residuals and their variance patterns.
Technometricsl4, 102-111.

6. Belsley, D.A., Kuh, E. and Welsch, R.E. (1980). Regression Diagnostics: Identifying
Influential Data and Sources of Collinearityiley, New York.

7. Billor, N. (1999). An application of the local influence approach to ridge regression.
J. Applied Statistic26, 177-183.

8. Billor, N. and Loynes, R.M. (1993). Local influence: A new approach. Comm.
Statist. Theory Meth22, 1595-1611.

9. Chatterjee, S. and Hadi, A.S. (1986). Influential observations, high leverage points,
and outliers in linear regression. Statist. Scien.1(3), 379-416.

10. Chatterjee, S. and Hadi, A.S. (1988). Sensitivity analysis in linear regression. Wiley

series in probability and mathematical statisti®éiley, New York.

11. Choongrak, K. (1996). Local influence and replacement measures. Comm. Statist.-
Theory Meth.25(1), 49-61.

12. Cook, R.D. (1977). Detection of influential observation in linear regression.
Technometricsl 9, 15-18.

13. Cook, R.D. (1986). Assessment of local influence. J. Roy. Statist. SqcB, 48,
133-69.

14. Cook, R.D. and Weisberg, S. (1980). Characterization of an empirical influence
function for detecting influential cases in regression. Technometric22, 495-508.



306 The Origin and Developments of Influence Measures in Regression

15. Cook, R.D. and Weisberg, S. (1982). Residuals and Influence in Regression
Chapman and Hall, New York.

16. Cox, D.R. and Hinkley, D.V. (1974). Theoretical StatisticsChapman and Hall,
London.

17. Draper, N.R. and John, J.A. (1981). Influential observations and outliers in
regression. Technometric®23, 21-26.

18. Draper, N.R. and Smith, H. (2005). Applied Regression Analysifohn Wiley and
Sons. New York.

19. Farrell, P.J. and Cadigan, N.G. (2000) Local influence in binary regression models
and its correspondence with global influence. Comm. Statist.-Theory Meth29,
349-368.

20. Gather, U., Hilker, T. and Becker, C. (2002). A note on outlier sensitivity of Sliced
Inverse Regression. Statistics 13, 271-281.

21. Gray, J.B. (1989). On the use of regression diagnostics. The Statisticiay38, 2, 97-105.

22. Hadi, A.S. (1992). A new measure of overall potential influence in linear regression.
Comp. Statist. and Data Analysig, 1-27.

23. Hampel, F.R. (1968). Contributions to the theory of robust estimati®h.D. thesis,
Univ. California, Barkeley.

24. Hampel, F.R. (1974). The influence curve and its role in robust estimation.
J. Amer. Statist. AssQ®9, 383-393.

25. Hoaglin, D.C, and Welsch, R.E. (1978). The Hat matrix in regression and ANOVA.
The Amer. Statist32, 17-22.

26. Huang, Y., Kuo, M. and Wang, T. (2007). Pair-perturbation influence functions and
local influence in PCA. Comp. Statist. and Data Analysid, 5886-5899.

27. Lee, A.H. and Zhao, Y. (1996). Sensitivity of Pearson’s goodness-of-fit statistic
in generalized linear models. Commun. in Statist. Theory and Methdtfs 143-157.

28. Li, K.-C. (1991). Sliced inverse regression for dimension reduction. J. Amer. Statist.
Assoc, 86, 414, 316-342.

29. Li, K.-C. (1992). On principal Hessian directions for data visualization and
dimension reduction: Another application of Stein’s lemma. J. Amer. Statist. AssQc.
87, 420, 1025-1039.

30. Li, K.-C. and Duan, N. (1989). Regression analysis under link violation. Ann.
Statist, 17(3), 1009-1052.

31. Lue, H.-H. (2001). A study of sensitivity analysis on the method of principal Hessian
directions. Comput. Statist.16, 109-130.

32. Mallows, C.L. (1975). On some topics in robustneds$npublished bekk telephone
laboratories report, Murray Hill, N.J.

33. Mendenhall, W., Reinmuth, J.E., Beaver, R. and Duhan, D. (1986). Statistics for
Management and Economi&¥' edition. Boston, Duxbury Press.

34. Mickey, R.D., Dunn, O.J. and Clark, V. (1967). Note on use of stepwise regression
in detecting outliers. Computers and Biomedical Researth1 05-09.

35. Olive, D.J. (2004). Visualizing 1D regression. Theory and applications of recent
robust methods, 221-233.

36. Olive, D.J. (2005). Two simple resistant regression estimators. Comp. Statist. and
Data Analysis49, 3, 809-819.



Ullah and Pasha 307

37. Pettitt, A.N. and Bin Daud, I. (1989). Case-weighted measures of influence for
proportional hazards regression. Applied statistics38, 51-67.

38. Prendergast, L.A. (2005). Influence functions for sliced inverse regression.
Scandinavian J. Statis2, 385-404.

39. Prendergast, L.A. (2006). Detecting influential observations in Sliced Inverse
Regression analysis. Austral. and New Zealand J. Statjdi, 285-304.

40. Prendergast, L.A. (2007). Implications of influence function analysis for sliced inverse
regression and sliced average variance estimation. Biometrikg 94, 3, 585-601.

41. Prendergast, L.A. (2008). Trimming influential observations for improved single-
index model estimated sufficient summary plots. Comp. Statist. and Data Analysis
52,12, 5319-5327.

42. Prendergast, L.A. and Smith, J.A. (2007). Sensitivity of principal Hessian direction
analysis. Electronic J. Statist.1, 253-267.

43. Schall, R. and Dunne, T.T. (1992). A note on the relationship between parameter
collinearity and local influence. Biometrika 79, 399-404.

44. Schwarzmann, B. (1991). A connection between local-influence analysis and
residual diagnostics. Technometrics33, 103-104.

45. Shi, L. (1997). Local influence in principal components analysis. Biometrikg 84,
175-186.

46. Shi, L. and Wang, X. (1999). Local influence in ridge regression. Comp. Statist. and
Data Analysis31, 341-353.

47. Suarez-Rancel, M.M. and Gonzalez-Sierra, M.A. (2000). Local and deletion
diagnostic. Sociedad de Estadistica e Investigacién Operativa 7€5t 345-352.

48. Tan, M. Qu. Y, and Kutner, M.H. (1997). Diagnostics for marginal regression analysis
of correlated binary data. Commun. in Statist. Simul. and Compé, 539-558.

49. Thomas, W. and Cook, R.D. (1989). Assessing influence on regression coefficients
in generalized linear models. Biometrikg 76, 741-749.

50. Thomas, W. and Cook, R.D. (1990). Assessing influence on predictions in
generalized linear models. Technometrics32, 59-65.

51. Velleman, P.F. and Welsch, R.E. (1981). Efficient computing of regression
diagnostics. Amer. Statist 35, 234-242.

52. Weisberg, S. (1980). Applied Linear RegressiolNew York: John Wiley.

53. Welsch, R.E. (1982). Influence functions and regression diagnostics. In Modern
Data AnalysisNew York: Academic.

54. Welsch, R.E. and Kuh, E. (1977). Linear regression diagnostic§echnical report
923-77, Solan School of Management, Massachusetts Institute of Technology.

55. Wood, F.S. (1973). The use of individual effects and residuals in fitting equations to
data. Technometricsl 5, 677-694.

56. Woodley, William L.; Simpson, Joanne; Biondini, Ronald and Berkeley, Joyce
(1977). Rainfall results 1970-1975: Florida area cumulus experiment. Science 195,
735-742.

57. Zhao, Y. and Lee, A.H. (1998). Influence diagnostics for simultaneous equations
models. Austral. and New Zealand J. Statjg, 345-357.



