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ABSTRACT

In this paper, some size-biased probability distributions and their generalizations have
been introduced. These distributions provide a unifying approach for the problems where
the observations fall in the non-experimental, non- replicated, and nonrandom categories.
These distributions take into account the method of ascertainment, by adjusting the
probabilities of actual occurrence of events to arrive at a specification of the probabilities
of those events as observed and recorded. Failure to make such adjustments can lead to
incorrect conclusions. This paper surveys some of the possible uses of size- biased
distribution theory to some real life data.
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1. INTRODUCTION

Size-biased distributions are a special case of the more general form known as
weighted distributions. Fisher (1934) introduced these distributions to model
ascertainment bias and were later formalized in a unifying theory by Rao (1965). These
distributions arise in practice when observations from a sample are recorded with unequal
probability and provide a unifying approach for the problems where the observations fall
in the non-experimental, non- replicated, and non-random categories. If the random

variable X has distribution f (X,G) , with unknown parameter 0, then the corresponding
size-biased distribution is of the form

. “f(x0
f (x;e):L,x’), (1.1)
Mo
where
e =[x f(x0)dx. (1.2)

Wheno=land 2, we get the simple size-biased and area-biased distributions
respectively. Here in this paper, only size-biased distributions are considered as these are
simple to calculate and moreover, the examples deal with size-biased sampling.
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Warren (1975) was the first to apply them in connection with sampling wood cells.
Van Deusen (1986) arrived at size-biased distribution theory independently and applied it
to fitting distributions of diameter at breast height (DBH) data arising from horizontal
point sampling (HPS) (Grosenbaugh, 1958) inventories. Subsequently, Lappi and Bailey
(1987) used weighted distributions to analyze HPS diameter increment data. More
recently, these distributions were used by Magnussen et al. (1999) to recover the
distribution of canopy heights from airborne laser scanner measurements. In ecology,
Dennis and Patil (1984) used stochastic differential equations to arrive at a weighted
gamma distribution as the stationary probability density function (PDF) for a stochastic
population model with predation effects. In fisheries, Taillie et al (1995) modeled
populations of fish stocks using weighted distributions. Most of the statistical
applications of weighted distributions, especially to the analysis of data relating to human
populations and ecology, can be found in Patil and Rao (1977, 1978). Gove (2003)
reviewed some of the more recent results on size-biased distributions pertaining to
parameter estimation in forestry, with special emphasis on the weibull family. Mir (2007)
also discussed some of the discrete size-biased distributions.

In this paper, some of the results and estimation on size -biased discrete distributions
and of their generalized form have been used to real life data and their comparisons have
been made with the help of Pearson’s Chi-square, Akaike Information Criterion (AIC)
and Bayesian Information Criterion (BIC) techniques. For computation purposes
R- software has been used.

2. SOME SIZE-BIASED DISTRIBUTIONS
In this section, we have obtained some basic size-biased discrete distributions by
using equations (1.1) and (1.2).
2.1 Size-biased Binomial Distribution (SBBD)

The probability mass function of binomial distribution (BD) is given as

P[X:x]:p(x):(g)quH;xzo, 1,2, 1" @2.1)

We know that 3 x P[ X =x]=np, which on solving gives a size-biased binomial
x=0

distribution (SBBD) as
P[x=x]= [

n-1

§ 1] Pl g™ x =120 (2.2)

2.2 Size- biased Poisson Distribution (SBPD)

The probability mass function of the Poisson distribution (PD) is given as

*}\.1 }\’ X
P[X:x]:#;XZO,1,2,-~-andk1>0. 2.3)
X!
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Here Y x P[ X=x]|=A;, which on solving gives size-biased Poisson distribution
*=0
(SBPD) as
}le—le—kl

(x-1) 1

2.3 Size-biased Negative Binomial Distribution (SBNBD)

P[X =] x=12.... 2.4)

The probability mass function of the negative binomial distribution (NBD) is given by

X+r=1) . , [-r ‘ X
P[X=x]:[ r—l] p q :[ xj p (-q)"; x=0,1,2.... (2.5)

where parameters satisfyq=1-pand0<p<landx=1,2,3...

n
Here, Y. XP[X:X]:E. This gives size-biased negative binomial distribution
p

x=0
(SBNBD) as
X+r—1
P[ X :x]:[ - ] P gt x=1.2,.... (2.6)

2.4 Size-biased Logarithmic Series Distribution (SBLSD)
The probability mass function of logarithmic series distribution (LSD) is given by

X
1 @ =12 2.7)

R o a—a x

© - a
fere, EXP[ X=x]= log(1—a) (1-a)

distribution (SBLSD) as

. This gives the size-biased logarithmic series

P[X=x]=o""(I-a) ;x=12...... (2.8)

3. SIZE-BIASED GENERALIZED DISCRETE DISTRIBUTION
In this section, we have obtained size-biased generalized discrete distributions by
using equations (1.1) and (1.2).
3.1 Size-biased Generalized Negative Binomial Distribution (SBGNBD)

Jain and Consul (1971) defined the probability function of generalized negative
binomial distribution (GNBD) as
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P[X = x]= m( M+ BX)
X!IT(m+BXx—x+1)
= 0; Otherwise

a* (1—a)™P% x=0,1,2.... (3.1)

where 0 < D<1, m>0 andB=00r0<fB< o and t is the largest positive integer for
which m+1+(B-1)t>0.

e maou
. On solving the equation Y. X- P (X =X)=
(1-ap) x=0 (1-ap)
probability function of size biased generalized negative binomial distribution (SBGNBD)
as

Ex) = , we obtain the

P[X =X] :(1—aﬁ)[m:3;(_ljax‘l (1= )" x =12 (3.2)

where 0<a<l,m>0,0<B<1,

AtB=0and =1, we get size- biased binomial distribution (2.2) and size-biased
negative binomial distributions (2.6) respectively.

3.2 Size-biased Generalized Poisson Distribution (SBGPD)

Consul and Jain (1973) defined the probability mass function of generalized Poisson
distribution (GPD) as

x-1 _
px == P BRIZOtXI] y g0, (3.3)
X!

Here E(x) = M . On solving the equation i XP[ X=x]= M , the probability
i i)

function of a size-biased generalized Poisson distribution (SBGPD) is given as

(1-2) (2 +30) " EXP[~(0 +30)]
(x=1) ! ’

A > =LA <142y

At A =0, we get size-biased Poisson distribution (2.4).

P[X=x]=

X=12,... (3.4)

3.3 Size-Biased Generalized Logarithmic Series Distribution (SBGLSD)
A generalized logarithmic series distribution (GLSD) was given by Jain and Gupta
(1973) with probability function as

_ _ 1 F(BX) X1 \Bx—x .y _
P[X = x] = T m—— (1-a)™ ™ x=12.3, (3.5)
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O<a<l, |O.ﬁ’<l.AlSO izlog(]—T

On solving the equation i xP[ X= X] = the probability function
x=0 log(1-a)(1- .
of size-biased generalized logarithmic series distribution (SBGLSD) is given as
x—1 -
P[X =x]=(1-ap) [5 | ]oc’(l(l—oc)ﬁx i x=12. (3.6)

At B =1, we get size-biased logarithmic series distribution (2.8).

4. ESTIMATION OF PARAMETERS

In this section, we estimate the parameters of the generalized distributions only and
for classical ones we can get easily as their particular cases.

4.1 Estimation of Parameters in Size-biased Generalized Negative Binomial
Distribution

The likelihood function of SBGNBD (3.2) can be given as

L :(I—OLB)n lﬂ[[m+B>(| _I\J ;x,-—n (l_a)mmﬁgxﬁgxi

(‘XH
i=1

=K(1-ap) ¥ " (1-a)" P, @.1)
n n [mﬂ?&xi —1]
where y=>% and K= [] )
i=1 i=1 X -1

Since0<a<l WKHUHIRUH ZH DVVXPH WKDW SULRW LQIRUPDWLRQ DI
distribution. Thus

ad! (l—a)b_l
" e

The posterior distribution from (4.1) and (4.2) can be written as
(1 _ aB)n qyranl (1 _ a)mmﬁY—Wb-l

(1_aB)n o yral (l_a)mm[}y—yﬂyl dao

c0<a<l. 4.2)

(a/y)= (4.3)

[ ——

The Baye’s estimator of a” is the posterior mean and is given as
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1
A 1 J(l—aﬁ)n 0Ly+a—n+zu1(1_OL)me+l3yfy+kHdOL
6* =[a” [(aly) do =4 — (4.4)
0 _[(l—otﬁ)n OLy+a—n—1(l_m)mﬂﬂ“ﬁ)/—w do
0

(l _aB)n Qyramzl (1_a)mn+ﬁy—Y+b-1 do

[ ——

_I(y+a-n+ 2T (By+mn+ b- Y E[-ny+a-m zByw mr a b A B

- [(By+mn+ a+ b- n+ 3 *-5)
and
_lf(l—aﬁ)n Y (l_a)mmﬁy—yﬂrl do.
0
_ [(y+a-n)C(By+mn+ b- Y°F[-ny+a-npyr ma a b B] “6)

L (By+mn+ a+ b- 1

a(a+1)b(b+1) W
c(c+1)2!

where 2Fl[a;b; G X :1+a—bx+
c

Putting these values in equation in (4.4), the Baye’s estimator of a” is obtained as
I'(y+a-n+ 2 T'(By+mn+a+bn)
‘R[-ny+a-—n+ zByr ma & b a B

= I'(y+a-n) T(By+mn+ ar b- n- 3 ' 47

*R[-ny+a-npy+ mr a b ]
For z=1, we get the Baye’s estimator of o as

(y+a-n) *F[-n y+a— n+Lb+mn+py—n+a+ LP]

&= (4.8)

(By+mn+ a+ b- ) *F[-n, y+a-n b+ mapy-n+ap]

For B=1and 0, we get the Baye’s estimate for the size-biased negative binomial

(2.6) and size-biased binomial (2.2) models which are given by (4.9) and (4.10)
respectively.

= yta-n (4.9)
y+mn+ at+ b
and
G —_yra-n (4.10)

mn+ a+ b- n
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4.2 Estimation of Parameters in Size-biased Generalized Poisson Distribution

The estimation becomes tedious in this distribution when taking Bayesian or MLE
estimation method into consideration. Mishra and Singh (1993) obtained the moment
estimators in case of size-biased generalized Poisson distribution (3.4) by letting
1-A =0. The mean and variance of SBGPD can be expressed as

, (k19+1)
Ty :T (4.11)
2(1—6)+k19
[0 :Q. (4.12)
0
This gives an equation in  as
1,0% —uie? +20-1=0. (4.13)

Replacing p; and p, by the corresponding sample values X and S* respectively,
we get

S29* —X0%> +20-1=0. (4.14)

It is a polynomial of degree four and can be solved using the Newton-Raphson
method and so an estimate of A, can be obtained. An estimate of A, is then obtained as
. (ézi—l)
A =—.
0
The moment estimate for size-biased Poisson distribution can be obtained easily by
putting 0 =1 in (4.15).

(4.15)

4.3 Estimation of Parameters in Size-biased Generalized Logarithmic Series
Distribution

In this sub-section, we have introduced the Bayesian estimation of size-biased GLSD.
The likelihood function of SBGLSD (3.6) is given as

L(X;a,B)z(l—aB)nf[l( B)::l) aé“”(l_a)ﬁ§*-§*

—k(1-op)" ¥ "(1-a)7, (4.16)

where y:Zn:xi and k= ]ﬂ[( Px _1].
i=1 i=1 Xi—l

Since0<a<l WKHUHIRUH ZH DVVXPH WKDW $UdkRodnLQIRUPDWLRQ DE
is from beta distribution.
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ad! (1- oc)m1

fa)=
The posterior distribution from (4.16) and (4.17) can be written as

(1_(1[3)” Qe (1_(1)[3)/*)/”%1

:0<a<1,a>0, b>0. 4.17)

H(a/y)z ; (4.18)
J~(1 _aB)ﬂ o yranl (1 _Q)By—yﬂH do
0
The Bayes estimator of o” is given as
1
6 = [a® [1(aly) do
0
Jl'(l _aB)n o yramzl (I_Q)BY*VHH do.
=0 , (4.19)

1
_[(I—OLB)H o yranl (l_a)ﬁ)’—WtH do
0

where

(1 _aB)n Qyramzl (1_a)ﬁy—Y+b—1 do

[ ——

I'(y+a-n+ 2T (By+b- y)zF1 [-ny+ta—m zB v & b A B
= (4.20)
I (By+a+b-n+ 2

and

(1 _aB)n qyraml (l_a)ﬁY*erkH do.

[ ——

:F(y+ a-n) [(By+b-y) *F[-n, y+a- npy+a+b-np]

[(By+a+b-n) “4-21)

Putting these values in equation in (4.19), the Baye’s estimator of a” is obtained as

_T(y+a-n+2 [(By+a+bn) *R[-ny+a-n+ 2B y & b » B]

~Z

I(y+a-n) T(By+a+b-n+ 2 *F[-n y+a-npy+ a- b- o]
(4.22)

For z=1, we get the Baye’s estimator of o as
(y+a-n) *R[-ny+a- n+LBy+a+b— n+Lp]

. 4.23
(By+a+b-n) °F[-ny+a-nBy+ a- b- o] (4.23)

&:
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For B=1, we get the Baye’s estimate of the size-biased logarithmic series
distribution (2.8) as

y+a-n

a= .
y+a+b

(4.24)

5. APPLICATIONS OF SIZE-BIASED DISTRIBUTIONS

The following examples are used to illustrate a few situations generating size-biased
distributions and their applications. R-software has been used to facilitate the use of size-
biased distributions to real life data. With the help of R, we can fit two- and three-
parameter probability distributions. It computes the moment, Mle and Baye’s estimates.
Results are presented in the tables 1-5.

5.1. Data in Table 1 is regarding the defective teeth in 14 year old boys having at least
one affected teeth.

Table 1
1 {234 5|67 (8910|1112 | Total

Number of
Teeth affected

Number of Boys |47 [43 |35 (28 | 15|20 |5 |5 |2 |1 2| 1] 204

Since in the above data set no boys were found having zero teeth affected, therefore
this indicates that the data can not be adequately described by a Poisson distribution and
instead we should look for size-biased Poisson distribution (2.4). Moreover, the index of

>(%-%)°

dispersion | = given by Selby (1965) comes out to be 302, giving a unit

normal deviate of 4.95. For simple Poisson distribution the index of dispersion would
be larger because of the frequency of zero-class group, which substantiates the use of
size-biased Poisson distribution to above data.

5.2. We have fitted the models (2.8) and (3.6) to the data given in tables (2) and (3) by
P.Garman (1923) and Student (1907) on counts of the number of European red mites on
apple leaves and yeast cell counts observed per mm square respectively. For the choice of
values of (a, b) in Baye’s estimator, since there was no information about their values
except that they are real and positive numbers. Therefore 25 combinations of values of
(a, b) were considered for a, b=1, 2,3,4,5 and those values of a, b were selected for which
the Baye’s estimator o has minimum variance. It was found that for a=b=2 and  =2.0,

the Baye’s estimator has minimum variance and 7 values between the simulated sample
frequencies and the estimated Baye’s frequencies were the least.
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Table 2
No. of mites Leaves Expected Frequency
per leaf Observed SBLSD SBGLSD
1 38 32.36 31.92
2 17 23.56 17.56
3 10 10.25 10.53
4 9 7.36 7.66
5 3 2.95 4.83
6 2 1.46 3.38
7 1 1.65 2.40
. 0 0.41 1.72
Total 80 80.00 80.00
x> 2.91 2.44
AIC 285 226
BIC 294 246
a 0.2568 0.407
Table 3
No. of cells per Observed Expected Frequency
mm square (mm°) | Frequency SBLSD SBGLSD
1 128 130.43 129.56
2 37 36.09 37.12
3 18 14.56 15.02
4 3 3.54 3.02
5 1 1.84 1.02
>6 0 0.54 1.26
Total 187 187.00 187.00
x? 1.5035 0.929
AIC 310 285
BIC 321 301
a 0.422 0.455

5.3. Data in table 4 shows the number of mothers (fy) in Srilanka having at least one
neonatal death according to number of neonatal deaths (x) [Meegama (1980)]. The
models (2.6) and (3.2) have been fitted to this data for a=b=2 and =0.5
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Table 4
X f Expected Frequency
X SBNBD SBGNBD

1 567 548.38 537.22

2 135 164.51 165.03

3 28 28.79 35.65

4 11 3.84 6.69

5 5 0.48 1.41
Total 746 746 746

x> 37.52 16.45
AIC 295 234
BIC 308 255

a 0.05 0.04

B 0.5

5.4. Data set in table 5 showing the number of workers N; having i accidents. The models
(2.4) and (3.4) have been fitted to this data.

Table 5
; N, Expected Frequency
! SBPD SBGPD

1 2039 2034.27 2039.83

2 312 319.48 309.76

3 35 33.45 36.38

4 3 2.63 3.66

5 1 0.17 0.37
Total 2390 2390.00 2390.00

x? 0.772 0.069
AIC 594 321
BIC 704 365

}11 0.3141 0.2631

A 0.0912

6. DISCUSSION AND CONCLUSION

The discussion on estimation and applications of size-biased distributions to this point
demonstrates that they both have a solid theoretical underpinning and practical use to real
life data. From AIC and BIC fit measures the proposed size-biased models appear to offer
substantial improvement in fit over simple classical and simple generalized models. Also
the fitting in these tables reveal that the size-biased distributions provide us better fits in
the situations where zero-class is missing and simultaneously it has been shown that the
generalized form of these distributions give generalized results in comparison to
classical ones.
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