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ABSTRACT

The importance of forecasting has grown during the last three decades. This study 
considers a comparison between actual and forecast by modelling in the context of linear 
regression model through Box–Cox transformation. The models are fitted with the 
assumption of non-constant variance of the residuals. First of all, the transformation 
parameters, the regression parameters and the variance parameters by GARCH process, 
have been estimated simultaneously using the maximum likelihood method under the 
classical approach. Secondly, the transformation parameters, and the variance parameters 
by GARCH process have been estimated under the classical approach while the 
regression parameters have been estimated under the Bayesian approach using the results 
of Kalman Filter. The objective of this paper is to reduce the heteroscedastic features in 
the mean part of the model for better forecast. For this purpose we consider, the value and 
quantity of rice exported by Pakistan.
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1. INTRODUCTION

In time series, the regression analysis is concerned to deal with stochastic relationship 
in which the single endogenous variable depends upon the values of one or several 
exogenous variables. As time series are often subject to transformation before being 
analyzed, the transformation may be carried out if the investigator feels that an 
appropriate model may be fitted. Some times in regression analysis, transformation for 
both endogenous and exogenous variables may be required. For this purpose, different 
transformations in literature like difference transformation, log transformation, variance 
stabilizing transformation and power transformation, etc have been discussed (see 
Scheffe, 1959; Daniel and Wood, 1980; John and Draper, 1980 and Granger and
Newbold, 1976). However, Box-Cox (1964) considers a parametric family of 
transformations about the choice of transformation. Several authors have used Box-Cox 
(1964) transformation (see Chatfeild and Prothero, 1973; Nelson and Granger, 1979; 
Poirier 1980; Hodges 1987; Hossain and King, 1998; Tsia 2002; Chen and Lian, 2005 
and Bickel and Doksum, 1981). Empirical applications of the Box-Cox transformation 
include the work of Zarembka, 1968, 1974; White, 1972; Spitzer, 1976; Kau and Lee, 
1976, and Chang, 1977. In this paper, we consider the regression model linked through 
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Box-Cox Transformation (BCT). Although Box–Cox (1964) suggested that after 
applying the transformation, residuals should be identically distributed. 

However, in general this assumption cannot exactly be true for any type of data 
analysis. So to achieve the effectiveness of the BCT, we shall apply the Generalized 
Autoregressive Conditional Heteroscedastic (GARCH) process, given by Bollerslev 
(1986), as a safeguard against the violation of the assumption of homoscedasticity of the 
residuals. The method is assessed by analysing the data of rice exported by Pakistan. A 
variety of models with different combinations of transformation parameters, restricting 
between zero and one, have been fitted to the selected time series, by increasing the 
GARCH order. Certain models satisfying the preliminary diagnostic tests are considered 
and finally, the models among these are identified on the basis of Akaike (1973) 
information model selection criterion (AIC), and Bayesian Information Criterion (BIC), 
suggested by Schwarz (1978). The selected models are used for forecasting. A 
comparison between the actual post sample and the forecasted values for the series is 
made.

2. REGRESSION MODEL (BCT) WITH GARCH ERRORS

Let andt ty x be the value in US $ and quantity in tons of the rice exported from 

Pakistan respectively and * *
t ty and x be their transformed values through Box-Cox 

transformation. The form of the regression equation is given below:

* *
0 1t t ty x� �E �� �E �� �H,  t=1,2,…,T (2.1)

where
1

*

1
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y
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ln ty� , for 1 0�O � 

ty� , for 1 1�O � .

Similarly, *
tx may be defined and 2�O is the corresponding transformation parameter. 

For residuals to be identically distributed we make use of GARCH process given by 
Bollerslev (1986) and discussed by Gazda and Vyrost (2003) and Mammadli (2004) in 
context of volatility of share index / stock return as:
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1 ~ 0,t t tN���H �V�%
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�V � �J �� �J �H �� �Z �V�¦ �¦ ,

where 1t ���% is the information set available at time t-1, 0 0�J �! , 0i�J �t , 1, 2,...,i l� and

0j�Z �t , 1, 2,...,j k� . If 0, 1,2,...,j j k�Z � � , then GARCH (k, l ) process reduces to the 

ARCH ( l ) process. And if 0i�J � , 1, 2,...,i l� and 0, 1,2,...,j j k�Z � � , then t�H is 
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simply the white noise (see Bollerslev 1986). The conditional expectation of *
ty i.e. 

�� ��*
1|t tE y ���% = *

0 1 tx�E �� �E is a function of transformation parameters 1�O and 2�O , the mean 

parameters 0�E and 1�E and *
tx is a vector of explanatory variable. Similarly the 

Conditional variance of *
ty is �� ��* 2

1|t t tVar y �� � �V�% with 2
0 0�V �! and 0 0�H � . For the 

identification of GARCH order a detailed procedure is explained in Bollerslev (1986) and 
Mahmud (1991).

3. ESTIMATION AND FORECASTING

Let ( , , )�c �c �c� �3 �� �� �& be a set of parameters included in the model, where �� ��1 2,�c� �O �O�� ,

�� ��0 1,�c� �E �E�� and �� ��0 1 1 2, ,..., ,  , ,...l k�c� �J �J �J �Z �Z �Z�& are the subsets of transformation 

parameters, mean parameters and variance parameters respectively. All parameters in �3
are estimated by using method of Maximum likelihood. We may rewrite the model (1) as:

* *
0 1t t ty x�H � �� �E �� �E 0 1 2,�d �O �O �d1

�� ��2
1| ~ 0,t t tN���H �V�% .

Then the conditional likelihood function for a sample of T observations with 0 0�H � 

and 2
0 0�V �! is defined as 
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where J = �� �� �� ��1 1*
t t

t

d
y y

dy
�O ��� for 0 1�d �O �d1 is the Jacobian of the transformation form 

of y to *
ty .

Thus the log likelihood function, ignoring the constant is
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The derivatives 
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likelihood estimate �̂3 is strongly consistent for �3 and asymptotically normal with mean 

�3 and covariance matrix
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distribution is normal with mean �3 and covariance �� ��ˆV �3 then the consistent estimate of 

the covariance matrix is 
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which is obtained from the 

final iteration of the “Simplex method“, given by Nelder and Mead (1965). 
The variance of each of �̂3 is given by the diagonal elements of �� ��ˆV �3 . Using 

the asymptotic normality of, �̂3 a test statistic under the null hypothesis that each of 

�3= 0 may be defined as 
�� ��

ˆ

ˆ.
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S E
� 

�3
�3

. In case when the mean parameters are dynamic as 

�� ��t 0, 1,�� ��t t�c� �E �E . The components 0,t�E and 1,t�E may be estimated by using Kalman Filter 

(1963) approach as given by Harrison and Steven (1976). For forecasting purpose, mean 
equation (2.1) for time T+k can be written as 

* *
0 1T k T k T ky x�� �� ��� �E �� �E �� �H ,

and �� �� �� ��
2 2 2
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�V � �J �� �J �H �� �Z �V�¦ �¦ .

The k step ahead forecast is �� ��* *ˆ ( )
T K T TE y y k

��
� and given as

* *
0 1

ˆ ˆˆ ( )T T k Ty k x ��� �E ���E .

The k step ahead forecast error is * *ˆ ( )T k T k Ty y k�� ���H � �� . The mean square error of the k
step ahead forecast error is:
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For forecasting, the future values are not available. In such situations �� ��*
T kE x �� may 

be replaced by the forecasted values obtained through a suitable ARIMA model and 
2

|T k T���V is replaced by 2
T�V (see Mahmud, 1991). In case when the mean parameters are 

dynamic, �� ��0 1�� ���c� �E �E can be replaced by �� ��t 0, 1,�� ��t t�c� �E �E .

5. APPLICATION

Box-Cox transformation regression models with GARCH errors on the annual rice 
export of Pakistan are applied. The series cover a period from 1972-2000 and last 5 
observations is selected for testing the forecasting efficiency of the fitted model. A 
variety of models with different combinations of transformation parameters restricting 
between zero and one, have been fitted to the selected time series, by increasing the 
GARCH order (k, l ). Certain models satisfying the preliminary diagnostic tests are 
selected. Finally the model with smaller AIC and BIC is selected and is used for 
forecasting. The models fitted with classical and dynamic approaches are presented as:

i) Classical Approach

ln  - 0.2047 0.8563ln

(7.3565)
t ty x� ��

and 
2 2

1 0.0231 0.3778

(1.9250) (0.8301)
t t ���V � �� �H

The mean parameter 1�E is significant at 5% level of significance respectively. The 

variance parameter 0�J is significant at 6% level of significance and 1�J is 

insignificant at 5% level of significances. The insignificant parameters are 
retained in the model because it may improve the efficiency of the model (see 
Bollerslev, 1987; Tsay, 1987; Cai, 1994 and Fong and See,2001).

ii) Dynamic Approach

0 1ln lnt t t t ty x� �E �� �E �� �Hm

and
2 2 2

0 1 1 1 1t t t�� ���V � �J �� �J �H�� �Z �V .
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Since t 0, 1,�� �� �� ��t t�c� �E �E and 0t���c prior to the first observation is 0 0( , )N m C and the 

simulated prior values of 0 0 and m C are 0

1.0246

0.9752
m

���ª �º
� �« �»

�¬ �¼
and 0

0.0126 0

0 0
C

�ª �º
� �« �»

�¬ �¼
respectively. Similarly the simulated value of covariance matrix t�: of the residual terms 

of the system equation (see Harrison and Steven 1976) is
0.2275 0

0 0.3435t
�ª �º

�: � �« �»
�¬ �¼

and 

GARCH variance is 2 2 2
1 10.0259 0.3702 0.0102t t t�� ���V � �� �H �� �V .

For both the models, the diagnostic test for the suitability of the fitted model is 
performed on standardized residuals. The significance of all tests is measured at 5% level 
of significance. The values of the t-statistics along with their critical values are given in 
table below. The sign �¥���L�Q�G�L�F�D�W�H�V���W�K�D�W���W�K�H���W�H�V�W���U�H�T�X�L�U�H�G���I�R�U���W�K�H���V�X�L�W�D�E�L�O�L�W�\���R�I���W�K�H���P�R�G�H�O�V���L�V��
satisfied.

Table: Diagnostic Tests on Standardized Residuals
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(i) �¥ �¥ �¥ �¥
0.0938
(2.069)

0.0024
(2.069)

-0.4534
(2.069)

2.8666
(5.990)

3.1907
(11.07)

(ii) �¥ �¥ �¥ �¥
0.0206
(2.069)

0.0241
(2.069)

-0.4096
(2.069)

2.9800
(5.990)

6.5043
(11.07)

For both models the standardized residuals are independent & identical and normally 
distributed. For forecasting outside the sample period the unknown values of the 
predictor are made available as forecasted values through ARIMA modelling of required 

series. The model used for obtaining *ˆt kx �� is ARIMA (1, 1, 3).

The graph of the forecasted values by models (i) and (ii) is given in Fig (1).
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