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ABSTRACT

The problem of estimation of the squared derivative of a probability density f is

considered using wavelet orthogonal bases. We obtain the precise asymptotic expression
for the mean integrated error of the wavelet estimators when the process is strongly
mixing. We show that the proposed estimator attains the same rate as when the
observations are independent. Certain week dependence conditions are imposed to the
{X;} definedin {:,N,P}.
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1. INTRODUCTION

2
The motivation for estimation |4(f)= (@7 (x)dx, where f is a probability density

and f@ is the d-th derivative is well known. Kernel-type estimation for the functional
I,(f) has been investigated by Hall and Marron (1987), Rao (1997) and Bickel and

Ritov (1988) among others. In Prakasa Roa (1996), we have studied nonparametric
estimation of the derivative of a density by wavelets and a precise asymptotic expression
for the mean integrated squared error, following techniques of Masry (1994). Prakasa
Roa (1999) also obtained the precise asymptotic expression integrated squared error of
the wavelet estimators.

We now extend the result to the case of strongly mixing process. We show that the
proposed estimator attains the same rate as when the observations are independent.
Certain week dependence conditions are imposed to the {X;} definedin {:,N,P}.

Let N{' denote the V-algebra generated by events {X, * A,.., Xy, * Ay} . We consider
the following classical mixing conditions:

1. Uniformly strong mixing (u.s.m.), also called | mixing:

sup sup [P(AB) PAARBI_ g 00

m A'Nlm’B.Nr; S p(A)

as so f .
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2. U-mixing:

sup sup |corr(X,Y)|= Ws) o 0 as sof .

M yo2 NM ver2 nF
X" N7 LYel” N

A very well known measure of dependence in probabilistic literature is described
by the mixing conditions. Among various mixing conditions used in the literature,
C-mixing is reasonably weak, and has many practical applications. Many stochastic
processes and time series are known to be mixing. Under certain weak assumptions
autoregressive and more generally bilinear time series models are strongly mixing with
exponential mixing coefficients.

The problem of density estimation from dependent samples is often considered. For
instance quadratic losses were considered by Ango Nze and Doukhan (1993). Bosq
(1995), and Doukhan and Loen (1990). Linear wavelet estimators were also used in
context: Doukhan (1998) and Doukhan and Loen (1990). Leblance (1994,1996) also
established that the Lp-loss (2 dp & f) of the linear wavelet density estimators for a

sC

stochastic process converges at the rate N®S°D (se=s 1/p 1/p¥, when the density

of f belongs to the Besov space Bf,,q . Doosti et.al (2006) extended the above result for

derivative of a density.

2. DISCUSSION OF THEOREM'S ASSUMPTIONS

Consider the following conditions:

C,:  The distribution of (Xj, X;) has a joint density f; ; such thatforall i and j,
i 2 (4 00y dxdy)“":” ()| dF, < £ for some>2

M, : The processis L-mixingand | fu) drR< f.
M, : The process is N-mixing and :tle 1"2(t) d M f.

Since the inequality Wt) d2 / 2(t) holds (see Doukhan (1994)), M, implies M,.

Also note that if X and Y are random variables, then the following covariance
inequalities hold.(see Doukhan (1994), section 1.2.2)

coU X, Y) d2 4 D[X],[v], @.1)

cou X, ¥) d2 I'P(j i)”X”p.”Y|q,

forany p,qtland1/p 1/q=1.



Hosseinioun, Doosti and Nirumand 343

3. INTRODUCTION TO WAVELET

A wavelet system is an infinite collection of translated and scaled versions of
functions N and \ called the scaling functionand the primary wavelet function

respectively. The function NIX) is a solution of the equation

f
MX):k | ka Nex k)

with
3 Mxydx=1

and the function \(X) is defined by

\(x) = f( H*C, \2x K).
f

Note that the choice of the sequence C, determines the wavelet system. It is easy to

see that
f
k= f
Define
M0 =22 Ne'x K, f<jk<f (3.
and

V0 =2"\20x k. f<jk<f.
Suppose that the coefficients C, satisfy the condition

f
:fCKCk2,=2 if 1=0
=0. if | z0.

It is known that, under some additional condition on \, the collection
{\jx>» f<Ilk<Tf} is an orthonormal basis for *(R) and {\jx, f<k<f}isan

orthonormal system in L*(R) foreach f < j < f (cf. Doubachies (1992)).

Definition 3.1.
A scaling function M <" s said to be r-regular for an integer r t1 if for every
non-negative integer | dr and for any integer k,

| MW lde (1 Ixp K, f<x<f

for some ¢, t0 depending only on k where VK (.) denotes the 1-th derivative of M.
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Definition 3.2.
A multiresolution analysisof L?(R) contains of increasing sequences of closed

subspaces V; of LZ(R) such that
DoV =ioy
w1 2 .
i) *i_ ¢V =L(R);
iii) there is a scaling function M ¥, such that
MNx k), f<k<f
is an orthonormal basis for V;; and for all h e L2 (R),
iv) Forall f <k< f,h(x)*V, Yh(x Kk eV,
v) h(X) *V, Y h(2x) V.

Let H,C denote the space of all functions g¢(.) in LZ(R) whose first (S 1)
derivatives are absolutely continuous and define the norm

f )
lol.z= 0467 OF di™.

Lemma 3.1.
(Mallat (1989)) Let a multiresolution analysise r-regular. Then for every 0 <s<r ,

any function g ¢ L?(R) belongs to H,Ciff

f
: qZeZS|<.I:’

t=f

where q2 = ||g g"l2 and @, is the orthogonal projection of gon V, .
2

Remarks.
The above introduction is based on Antoniadis (1994). For a detailed introduction to
wavelet, see Chui (1994) or Daubechies (1992). For a brief survey, see Strang (1989).
4. ESTIMATION BY THE METHODS OF WAVELETS
Suppose X|,...X,, is a U mixing, identically distributed random variables with
density f, f is d-times differentiable and f@ denotes the d-th derivative of f . We

interpret f ©® as f . The problem of interest is the estimation of
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()= 4, 1@ (x)dx.

Assume that @ o LZ(R) and there exist D; t0, E 10 such that

£ (9[dD; x| T for [x|t1, 0 dj di,
where E>1.

Consider a mulitiresolution as discussed in Section 3. Let I be the corresponding
scaling function. Suppose that the multiresolution is r-regular for some r td. Then by
definition, M €, VN and its derivative N up to order r are rapidly decreasing i.e.,

for every integer m t1, there exists a constant A, > 0 such that

(0| d— o g

a |xpm

Let

M =22 N'x k), f<kt<f.
Then

M =221 W@R'x k), odj o
and

_ 5(172) | _
| I\?’I’k)(x)dﬁ.o dj o. 4.1

If d t1, then it is clear that

lim NP @ I Dx)=0,0dj ol 1,
xof
for any fixed | and k. Let fy isthe orthogonal projection of f@ on V, . Note that

flg (X) = j? fal,j M),
where

a; = 3 DM, du=( D I f(u) N (u)du. (4.2)
by (3.1) for d dl. Clearly the equation (4.2) holds for d = 0. Hence for all d t0

g =( DE N (X)) 5.

Further more
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2 d 2 o b2
¢ (o o[l fsovastor,
k= f

by the properties of multiresolution decomposition. Hence ||g||p = 3ff 1g|PdxX/P, ptl.
Note that

a(H=[r -

Let
K
fia= 1 a (X,
k= K
where K =K, is a sequence of positive integers depending on | =1, tending to infinity
asnof and |=I, 0of as nof .Notethat f  (X) isa truncated projection of

(@ on V,. Given a sample X,,...X,,, let

Ac=—— 1T I NOO M),

n(n D) i1

and we estimate 14(f) by

. K
(D)= 1 A 43)
k= K
Note that
E(A) = aik

and

. K
E(ld(f)):k:: A -

K

5. MAIN RESULTS

Suppose thatas |, o f

k. _,iCd D) 28 291, /CF D”logn.

Define IAd (f) as an estimator of 14(f) where IAd (f) is given by the equation (4.3),
then we have the following two results:

Theorem 5.1.
If {X,} satisfies the condition C,, then

nn 1)

22|n(1 2d)

E|iy(f) 14 o M (xd¢ asnof .
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Theorem 5.2.
If {X,,} satisfies the condition M, then

%El%(f) ly(F)[ o Md)A‘(X)dx2 asnof .

6. PROOFS
Let

JE=E|iy(f) Ig(H)P=Var iy(f) 'Ely(f) 14(f)"
. 8 > 02 2
=Var (I4(f) ©'a|nk (@ (dx |

~var iuct) Jaal) [

Following along the lines of Roa (1999), we get

2
2 2 4sl
ik"n’d 2 21

6.1)
Proof of Theorem 5.1.
Observe that
. g .
Var ly(f) =var 1Ay = |} cov A Axe (6.2)
©k "t kkec " "

where coM X, Y) is interpreted as var(X). It is straightforward to check that

_ 1 ) ) ) )
LA A B % o O e 6

where the last summation runs over all i, j,i § . Using (2.1) in (6.2) leads to

11 EAK Ak

k kc

L g iy B ) fox) iy s Savf) (x) £ (x) d "
n(n D%id Y n Kk © K NG 1

k

1 2 2
T L T O E ). 9

Note that it suffices to bound the right-hand side of (6.3). By (4.1) and Masry (1994),
one may easily get

347
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8 12 8t 12
LR 0O FO0dp) | S 00 o dop) |
k © kc©
1/2 1/2
§ 4  u-,, - 8§ 4 &cv- o
d! Bl 4ld dw() x)f duy | ! Bl 4l ‘Wﬂ()c(mf 3 d
k © ©2In 1 1 kc© ©2|n 1 1
=% 4k N () f §.|_I K du
k ©2n 2
= 2% Mk (ydu1 o M . 6.5)
By similar argument as in Rao (1999), we get
TEND (%) 1 E N 251 20) 1 gyph* ’
FEN 00 NG00 a2 20 T
220029 g O (66)
kS, @2 2d) 4
Substituting (6.5) and (6.6) in (6.4), one may easily obtain
22 4hd :4\%’)4 |
I E d——— Wk wdul O@2 ™
IilkcA"kA"kc nz(n 1)2n||(w) () ( )

8

2 20, (1 2d) ol p(h)? 2 1 Dl a2 2
2 1/4:Mj (udu 52ly(1 2d) Iilkfinka\nkc O @ 20) ¢

nn 1)~
. 1
Since !, WK) < f and pENTETT) Ll Bk = 0(1), (Roa (1999)),

1

1 4 2
S | 1 FAK A O n’ - A Wdu o) O(1).(6.7)

n*(n 1)
So we may easily conclude

n(n 1)
22|n(1 2d)

g§ 1

2
varlg(f)=0 n? ' wdu o) o (6.8)

20,1 2d) 4
Applying (6.8) in (6.1), yields the desired result.

Proof of Theorem 5.2.
Applying Holder inequality for v and v (with 1/v 1/v &1, one may obtain
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M 00) N2 (%)) (%, %)) g g

2ve 1/2v ¢

dE 2l 4d S tveg Vs dv’
2 0 S S v,

1/2vc 1/2v ¢
§ 4v C . 4v C .
dE, 2 9 7 An An

amveld - 4mvcdv s
o u 1 el Vv 1

So it is easy to obtain

: 3%?2()9) '\?fk)z(xj)f(xi’x')d)fd)f

1
|
k kc

12
dF, 2 4 pive § du du’ e

| b
1
K ©u4mvc 3 P ©V4mvc 1

o pivey S AU g Ty S dv
v lIJ ©u4mvc i \I/ ©V4mvc s

/2v e /2vC
4 4
dE 2l 4d N y( 4mes I v Amve
v Y1 4mve V1 4mvc

L aid ~avek U 2m 1/vc v 2m 1/vc
dF,2'n #d A% du
v An #1 4amvc 1 4mvc
a | ¢
2m —
22 e Aé]vcz k 2ve z
€ amy dm L 12
- © 2vce 1%
=02 My =0(1). (6.9)

Using (6.6), (6.9) and (6.2) in (6.1), conclude the result.
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