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ABSTRACT

In practice, a multiple number of items as a group can be tested simultaneously in a
tester. This study deals with a group acceptance sampling plan under the truncated life
test assuming that the lifetime of an item is distributed as Gamma with known shape
parameter. The plan parameters such as the number of groups and the acceptance number
will be determined by satisfying the consumer’s and producer’s risks at the specified ratio
of true average life to the specified life, termination time and the number of testers. The
tables are constructed and results are explained with examples.
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1. INTRODUCTION

In practice, testers accommodating multiple items are available, where more than one
item can be tested simultaneously. Items in a tester can be regarded as a group and the
number of items in a group is called as the group size. The acceptance sampling plan
based on these groups of items will be called a group acceptance sampling plan (GASP).
The GASP is used to test the items in a group simultaneously and therefore it can be used
to save the time of experiment and cost as compared with the test in which a single item
is put on test in a tester. If the GASP implemented on the truncated life test we may call it
a GASP based on truncated life test when a lifetime of a product is assumed to follow a
certain statistical distribution. In this type of tests, determining the sample size is
equivalent to determining the number of groups. This type of testers is frequently used in
sudden death testing. The sudden death tests are discussed by Pascual and Meeker (1998)
and Vlcek et al. (2003). Recently, Jun et al. (2006) proposed the sudden death test under
the assumption that the lifetime of items follows the Weibull distribution with known
shape parameter. They developed the single and double group acceptance sampling plans
in sudden death testing.

The acceptance sampling plans based on truncated life test having single-item group
using the different statistical distributions have been developed by many authors. For
example, one may refer to Epstein (1954), Goode and Kao (1961), Kantam and Rosaiah
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(1998), Kantam et al. (2001), Baklizi (2003), Rosaiah and Kantam (2005), Rosaiah et al.
(2006), Tsai and Wu (2006), Rosaiah et al. (2007), Aslam (2007) and Balakrishnan et al.
(2007). In these plans, the sample size is usually determined which satisfies the
consumer’s risk only and used the single point on the OC curve, so it may not always
satisfy the producer’s risk. More recently, Aslam and Jun (2009) proposed the group
acceptance sampling plan based on truncated life test when the lifetime of an item
follows the inverse Rayleigh or log-logistics distribution. Again in their paper, they used
the single point approach on operating characteristics OC curve to find the design
parameter (number of groups) which satisfies only the consumer’s risk.

Two risks will be attached with the current GASP. If a good lot is rejected on the
basis of the information from the sample, it will be a wrong decision and the probability
of committing this wrong decision is called the producer’s risk. If the bad lot is accepted,
then this probability is termed as consumer’s risk. The purpose of a well design
acceptance sampling plan is to minimize the both risks, which is called the two point
approach. The two point approach on the OC curve for designing the variable acceptance
sampling plans has been adopted by Fertig and Mann (1980), Balasooriya et al. (2000),
and Balamurali and Jun (2006).

The purpose of this paper is to propose a GASP based on truncated life tests when the
lifetime of a product follows the gamma distribution with known shape parameter.
Further, we obtain the number of groups and the acceptance number simultaneously for
given values of both risks using the two point approach. The rest of the paper is
organized as follows: The proposed GASP along with the operating characteristics is
described in Section 2. The results and conclusion are given in Section 3.

2. THE GROUP ACCEPTANCE SAMPLING PLAN (GASP)

Let p represent the true average life of a product and p, denote the specified life. A
product is considered as good and accepted for consumer’s use if the sample information
supports the hypothesis H, : >, ; otherwise, the lot of the products is rejected. In

acceptance sampling schemes, this hypothesis is tested based on the number of failures
from a sample in a pre-fixed time. If the number of failures exceeds the action limit ¢ we

reject the lot. We will accept the lot if there is enough evidence that p >, at certain
levels of both risks. Let us propose the following GASP based on the truncated life test:

1) Select the number of groups g and allocate predefined r items (r will be called
as group size) to each group so that the sample size for a lot willbe n=gr.

2) Select the acceptance number (or action limit) C for a group and the experiment
time t,.

3) Perform the experiment for the g groups simultaneously and record the number of
failures for each group.

4) Accept the lot if at most C failures occur in each of all groups. Truncate the
experiment if more than C failures occur in any group and reject the lot.
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It is important to note that the single sampling plan based on truncated life tests is a
special case of our proposed GASP. The GASP reduces to the single sampling plan if r=1,
when Nn=g . The purpose is to find the actions limit ¢ and the number of groups g
which satisfy both the consumer’s and producer’s risks at the same time, whereas the
group size r and the termination time t, are pre-assigned.

Suppose that the lifetime of an item or a product follows a gamma distribution with
known shape parameter. The cumulative distribution function (cdf) of gamma
distribution for integer value of y (shape parameter) and scale parameter 0 is given by

4t )
FT(t,e)zl—YZ ee(t/e)‘/jx,tzo. 2.1
j=0

If the shape parameter is not known, an estimated value from failure data can be used.
In practice, the shape parameter for a particular type of items is usually known from the
past engineering knowledge. Note that y =1 corresponds to an exponential distribution.
Note also that the cdf depends on the scale parameter 6 only through t/6. The mean
life of gamma distributed products is given by

p=y0. (2.2)

If the lot size is large enough and decision about the lot lies in two categories (accept
or reject), we can use the binomial distribution to develop GASP. For more justification
one may refer to Stephens (2001). According to GASP the lot of products is accepted
only if the number of failures are less than or equal to C in each of g groups. So, the lot
acceptance probability will be

g
L(P) {;0 m o 1-py- } , (23)

where p is the probability that an item in any group fails before the termination time t; .
It would be convenient to determine the termination time t, as a multiple of the specified

life p,. That is, we will consider t, = ay,, for a constant a and p is given by

ay ]

-1 ——
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The ratio (p/po) of the true average life p to the specified life p, is called the
quality level of a product. As mentioned earlier, two risks are associated with GASP. If a
product is good and is accepted on the basis of sample information, it is a right decision
to accept the product. If the information obtained from the sample supports the
hypothesis H, :p <, (that is, the product is bad), we will reject the lot, which is also a
right decision. If a good lot is rejected, this will be a loss to a producer, while on the other
hand if bad lot/product is accepted it will be a loss to the consumers. The probability of
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rejecting a good lot is called the producer’s risk o and the probability of accepting a bad
lot is termed as the consumer’s risk 3. The consumer demands that the lot acceptance
probability should be smaller than the given value of  at a lower quality level especially
at the level when the true average life p is equal to the specified life . On the other
hand, a producer desires that the lot rejection probability should be smaller than the
specified o at a higher quality level (the ratiop/p, >1). As in GASP, the sample taken
from the lot is distributed into different groups therefore it provides the tight inspection of
the items taken from the lot than the ordinary acceptance sampling plan approach. The
GASP is helpful to reach a good decision about the product (to minimize the both risks).
Therefore, the purpose of this study is to develop the GASP based on truncated life test
which can be used to control the producer’s and consumer’s risks simultaneously. The
proposed two-point approach is to determine the number of groups and the acceptance
number that satisfy the following two inequalities simultaneously.

L(PI/pg = 1) <P 2.5)
L(plu/py =1)21-a, (2.6)

where I, and r, are the mean ratios that will be specified at the consumer’s and
producer’s risks, respectively. Larger mean ratio represents a higher quality requirement.
Usually, r,=1 is adopted. Let p, and p, be the failure probabilities corresponding to

consumer’s and producer’s risks, respectively. Then, the design parameters can be
determined through the following inequalities.

g
L(H){Z[rjpi(l—pl)”} <p 2.7)

i=o\ I

g
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The design parameters in terms of integers can be found by using a search, which can
be implemented easily on an Excel sheet.

3. DESCRIPTION OF TABLES AND EXAMPLES

The number of groups and the acceptance number are found using (2.7) and (2.8) and
presented in Tables 1-2. The design parameters of GASP are found at the various values
of the consumer’s risk ( =0.25, 0.10, 0.05, 0.01) when r, =1 and 5% of the producer’s

risk when the true mean is r, (=2, 4, 6, 8, 10) times p, . Two levels of group size

(r=5, 10) and two levels of the test termination time multiplier (a=0.5, 1.0) are
considered. We consider two values of the shape parameter of the gamma distribution:
y=2 inTable 1 and y =3 in Table 2. Other choices can be easily employed in a similar

fashion. It should be noted that if one needs the sample size, it can be obtained by
n=rxg.
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Minimum number of groups and ;lrcacl;rt;;lce number for GASP when y =2
=5 r=10
B | 1/1o=n a=0.5 a=1.0 a=0.5 a=1.0

9| c| L) |9]c|Lp)|9]c|Lp|9]|c|Lp)

2 72| 3109781 19| 409758 | 5| 3 109563 | 4 | 6 |0.9804

4 311(09802|2{2({09873| 1| 1]09726| 1 | 3]0.9911

0.25 6 311(09955| 1(1{09818| 1| 1]09935| 1 |2]0.9916
8 1 {0[0946| 1| 1{09933| 1| 1]09978| 1 | 1]0.9726

10 1 10[{09768| 1{1{09970| 1| 0]09542| 1 | 1] 0.9874

2 119] 3109641 | 30| 4|0.9621|23| 4| 0.9768| 6 | 6 | 0.9708

4 511(09672| 3|2({09810| 4| 2]09923| 1 | 3109911

0.10 6 511109925 1|1{09818| 2| 1]09870| 1 | 2] 0.9916
8 511109975 1(1{09933| 2| 1]09955| 1| 1]0.9726

10 210]09542| 1| 1|09970| 1| 0]0.9542| 1| 1]0.9874

2 155| 3109535| * | * * 30| 4 09698 | 7 | 6| 0.9660

4 6 |1]0907| 3|2]09810| 5| 2]0.9903]| 2| 3] 0.9823

0.05 6 6 11]09910| 2| 1{09639| 2| 1]09870| 1 | 2| 0.9916
8 6 11]099%9| 2|1{09867| 2| 1]09955| 1| 1]0.9726

10 210]09542|2|1|09970| 1| 0]0.9542| 1| 1]0.9874

2 - - ol * 46| 4 | 0.9541| 27| 7| 0.9832

4 3712109934 | 5|2(09685| 7| 2]|09865| 2| 3| 0.9823

0.01 6 101109850 | 2| 1[09639| 3 | 109806 2 |2|0.9832
8 101109949 | 2 | 1[09867| 3 | 1/09933| 1| 1|0.9726

10 101109978 | 2 (109941 | 3 | 1/09971| 1 |1|0.9874

Note: The cells with hyphens (-) indicate that g and ¢ are found to be large.
The cells with hyphens (*) indicates that g and € can not satisfy the conditions.



338 A group sampling plan based on truncated life test for gamma distributed items

Minimum number of groups and ::cl:;tionce number for GASP when y =3
=5 r=10

B | n/ue=n, a=0.5 a=1.0 a=0.5 a=1.0
glc|Lp) |9 c|Lp)|9|c|Lp)|g|c|Lp
2 2712109833 | 4 |3]|09776| 4 |2|09745| 1| 4| 09727
4 511109978 1109849 | 2 | 1[09962| 1| 2| 0.9936
0.25 6 21010978 | 1 | 1]09980| 1| 0]0978 | 1 | 1]0.9914
8 21010995 1|0]0972| 1] 0]0995| 1| 1]0.9981
10 210109950 1|0]09821| 1| 0]09950| 1| 0| 0.9646
2 4412109729 | 7 | 3109611 | 7 | 209558 | 3| 5] 0.9850
4 91110991 2|1[09700| 3 | 1]09942| 1 | 2| 0.9936
0.10 6 3/10[09681| 2| 1[099%0]| 2|0(09576| 1| 1/|0.9914
8 3/0[09858| 1(0[09672| 2| 0(09811| 1|1/ 0.9981
10 310[09925] 1]10[09821| 2] 0/]0.990/| 1|0 |0.9646
2 5712109650 | 9| 3] 09502 27| 309875 4| 5] 0.9800
4 11111099522 |1]09700| 4 | 109923 | 1| 2] 0.9936
0.05 6 310[09681] 2| 1[099%0| 2|0(09576| 1| 1]|0.9914
8 3/0[09858| 1[0[09672| 2| 0(09811| 1|1/ 0.9981
10 310[09925] 1]10[09821| 2 ]0/(0990 /| 1|0 |0.9646
2 - - - 70| 4| 09823 | 42| 309807 | 6 | 5| 0.9702
4 1711109926 3 | 109553 | 6| 109885 2| 2]0.9872
0.01 6 1711109992 | 3 | 1]09940| 6 | 109988 | 1| 1]0.9914
8 510(09764| 3| 1[09987| 3| 0]09717| 1 | 1| 0.9981
10 510[09975] 21 0[09646| 3 | 0] 09850| 1 | 0| 0.9646

Note: The cells with hyphens (-) indicate that g and ¢ are found to be large.
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In these tables, note that, as the ratio r, increases, the number of groups and the

acceptance numbers decrease at the same time. We need a smaller number of groups if
the termination ratio increases at a fixed group size. For an example, from Table 1, if a
changes from 0.5 to 1.0 for r=5, the number of groups has been changed from g =72 to

g =19 when r,=2. It is also noted that when r,=2 we found high values of g and ¢ at

some conditions, and we cannot find them to satisfy the conditions given in equations
(2.7) and (2.8) in some cases. It is observed that the number of groups tends to decrease
as y increases, I' increases or a increases. However, the trend is not monotonic since it

depends on the acceptance number as well. The probability of acceptance for the lot at
the mean ratio corresponding to the producer’s risk is also given in Table 1 and Table 2.

Suppose that the lifetime of a product follows the gamma distribution with shape
parameter of 2. It is desired to design a GASP to test that the mean life is greater than
1,000 hours and manufacturer wants to run an experiment for 500 hours using testers
equipped with 5 products each. Let us assume that the producer’s risk is 5% when the
true mean is 4,000 hours and the consumer’s risk is 25% when the true mean is 1,000
hours. Since y =2, B =0.25, r=5, a=0.5 and r, =4 for this example, the minimum

number of groups and acceptance number can be found as g =3 and c=1 from Table 1.

This indicates that a total of 15 products are needed and that 5 products are allocated to
each of 3 testers. We will accept the lot if no more than 1 failure occurs before 500 hours
in each of 3 groups. For this proposed sampling plan the probability of acceptance is
0.9802 when the true mean is 4,000 hours.

4. CONCLUSION

We proposed a group acceptance sampling plan based on a truncated life test under
the assumption that the lifetime of a product follows the gamma distribution with known
shape parameter. The two-point approach was adopted for determining the design
parameters such as the number of groups and the acceptance number. This GASP can be
utilized when a multi-item is adopted for a life test and it would be beneficial in terms of
test time and cost because a group of items will be tested simultaneously.

Our proposed approach can be easily applied to some other underlying lifetime
distributions and may be extended to develop a related sampling plan.
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