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ABSTRACT

In this article we are interested in the time series modeling of the average monthly 
maximum temperature data in Jordan. For this data, we will fit the traditional seasonal 
ARIMA model. Then, following McLeod (1993), we test for periodic autocorrelations 
among residuals of this model. We then fit a periodic autoregressive model to this time 
series. Finally both fitted models are compared via the SSE of residuals.
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1. INTRODUCTION

Time series modeling of temperature data is an important issue for both local and 
global levels for many reasons. One important reason is the worldwide interest in the 
issues of global warming and climate change. In the literature, various methods and 
models were investigated for forecasting temperature time series aiming at better and 
more accurate models and forecasts (see for example Green and Armstrong, 2007).

In this article we focus on modeling the temperature data using the periodic 
autoregressive (PAR) model and comparing it with the traditional seasonal autoregressive 
moving-average model which we denote here as SARMA. The investigation is carried 
out on the temperature data of Jordan. 

The SARMA model is the well-known extension of the ordinary ARMA model that 
suit seasonal time series. Assuming that we have a zero-mean seasonal time series �^ �`tX

of period �&, the most general form of the SARMA model is the so called the 
multiplicative seasonal autoregressive integrated moving-average (ARIMA), denoted by 
ARIMA �� �� �� ��, , , ,

�Z
�up d q P D Q and is defined as��

�� �� �� ���� �� �� �� �� �� �� ��0 1 1�Z �Z �Z�) �I �� �� � �T �� �4 �T
Dd

P p t Q q tB B B B X B B a , (1.1)

where �� ���Z�) P B , �� ���Ip B , �� ���Tq B , �� ���Z�4Q B are, respectively, the seasonal AR, ordinary 

AR, ordinary MA and seasonal MA factors, B is the backshift operator, d and D are��the 
ordinary and seasonal differencing orders, respectively, �^ �`ta is the white noise process 
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with mean zero and variance 2�Va and 0�T is constant. This model has been extensively 

studied so that well-established methodology for their identification, estimation and 
forecasting are available (Box et al., 1994). Moreover, they are widely applicable and 
implemented in many standard statistical packages��

The PAR model is another extension of the ordinary ARMA model that is also 
recently developed for modeling seasonal time series. This model is a special case of the 
periodic ARMA (PARMA) models. Again, for a seasonal time series {Xt} of period �&

and writing t as �Z �� �Qj , the �� �� �� ���� ��,�Z �Q �QPARMA p q model is written as: 

�� �� �� �� �� �� �� ���� ���� ��11 – �Q
�Z�� �Q �Q�Q�I �Q �� �} �� �I �Q ��p

jpB B X m

�� �� �� �� �� �� �� ���� ��11– �Q
�Z���Q�Q� �T �Q �� �}�� �T �Q q

jqB B a , (1.2)

where 1,...,�Q � �Z stands for the season, 0,1,...� j stands for the year, say, �Q�P are the 

seasonal means, �^ �`�Z���Qja is the white noise process with mean zero and periodic 

variances 2
�Q�V , and �� ���Qp and �� ���Qq are the AR and MA orders for season �#, respectively. 

The major difference between PARMA and ARMA models is that the former allows for 
varying parameters for various seasons, which implies that a PARMA model consists 
explicitly of �Z different equations��In addition a PARMA model is a more natural way 
for modeling seasonal time series. However, the PARMA model usually contains much 
more parameters than the ARMA model. Another important difference between ordinary 
ARMA and PARMA models is that the former is transformed to covariance stationarity 
while the later is examined for a weaker type of stationarity; that is periodic stationarity 
(Ula and Smadi, 1997). For motivations for using PARMA models and comparison with 
ARMA models, see Franses and Paap (2004). The PARMA models obtained applications 
in many fields including environment, water resources, meteorology, signal processing 
and economics (see, Franses and Paap (2004)).

In this article, we restrict ourselves with the PAR model only. The estimation of this 
model is much easier than for the mixed PARMA models. Besides, many theoretical and 
practical results are available in the literature for the PAR model. For instance, there exist 
some codes for identifying, fitting and forecasting PAR models such as the R-codes 
PEAR and PARTSM that are available on the R-package website (www.r-project.org/). 

The equation of the �� ���� ���Z �XPAR p model is obtained from (1.2) by setting �� �� 0�X � q . The 

simplest PAR model is the �� ��1�ZPAR model. For example, taking 4�Z � , the �� ��4 1PAR

model can explicitly be written as:

4 1 1 1 4( 1) 4 4 4 1

4 2 2 1 4 1 1 4 2

4 3 3 1 4 2 2 4 3

4 4 4 1 4 3 3 4 4
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Another main difference between ordinary ARMA models and PARMA models is via 
the autocavariance (ACVF) and autocorrelation functions (ACF). In the former models, 
we deal with the ordinary ACVF and ACF defined, respectively, as �� ��, ���J � k t t kCov X X

and �� ��, ���U � k t t kCorr X X , where k is a non-negative integer that denotes the time lag. 

Both the theoretical ACF and sample ACF plays a crucial rule in the identification and 
estimation of ordinary ARMA and seasonal ARIMA models. On the other hand, in 
PARMA models we are concerned with an extionsion of those functions called the 
seasonal ACVF (SACVF) and seasonal ACF (SACF). For a stationary ARMA process, 
the ACF is a function of time lag only and thus denoted by �Uk, while for a periodic 
statioanry PARMA process, the SACF is a function of both the time lag and season only. 
For an arbitrary season �Q, the SACVF and SACF are defined as:

�� ��( ) ,�Z�� �Q �Z�� �Q���J �Q � k j j kCov X X

and

�� ��( ) ,  �Z�� �Q �Z�� �Q���U �Q � k j j kCorr X X
�� ��

�� �� �� ��0 0

�J �Q
� 

�J �Q �J �Q ��
k

k
, (1.4)

with 0,1,2,� �}k again denotes the time lag and 0 ( )�J �Q denotes the variance of the 

process for season �Q.

Beside the ACF, there is another important tool that is usually used for the 
identification of ordinary ARMA models, that is the partial ACF (PACF). In the PARMA 
context, a seasonal counterpart is developed known as the seasonal partial autocorrelation 
function (SPACF). For an arbitrary season �Q, the SPACF is defined as:

�� ��1, , 1( ) , | .�Z���Q �Z���Q�� �Z���Q�� �} �Z���Q�� ���I �Q � kk j j k j j kCorr X X X X

Sakai (1982) proposed an iterative algorithm for the computation of the SPACF based 
on the SACF.

In analogy with ARMA models, the SACF and SPACF play a crucial rule for 
identifying and estimating PARMA models. The sample SACF is obtained from (1.4) as 

�� �� �� ��
�� �� �� ��0 0

�Q
�Q � 

�Q �Q ��

k
k

C
r

C C k
, (1.5)

where �� ���QkC is the sample SACVF. Also, the sample SPACF, denoted by �� ���Qkkr , is 

computed recursively using Sakai’s algorithm from the sample SACF.

In the next section we will define the data used in this study, then later on apply some 
tests of periodicity on these time series which examine the suitability of PAR models. 
Finally a comparison between the fitted PAR and the fitted SARMA models for our time 
series is carried out.



Periodic auto-regression modeling of the temperature data of Jordan326

2. THE DATA OF OUR STUDY

In this study, the historical data of the mean monthly maximum temperature of seven 
selected locations in Jordan is considered. The locations are: Amman (AMM), Aqaba 
(AQB), Deeralla (DEER), Irbid (IRB), Maán (MAAN), Rasmunif (RAS) and Safawi 
(SAF). Figure (1) presents the map of Jordan along the seven selected locations. It can be 
seen that the locations are scattered and cover various geographical categories as the dead
sea zone (DEER), hilly areas (AMM, RAS and IRB), desert areas (SAF and MAAN) and 
the red sea (AQB). The data are available in the website of the Jordan meteorological
department (http://www.jmd.gov.jo/). The data for the selected locations cover a period 
of 30 years (Jan. 1976- Dec. 2005). The last year data of MAAN was missing and the 
data of RAS covers the period (Sept. 1976 – Dec. 2005). 

From a time series analysis point of view, the length of various selected time series is 
considered relatively short. However, for modelling purposes the data can still be useful. 
Figure (2) shows the time series plot of the data of AMM. As expected, the seasonality is 
the overwhelming component in this time series. For other locations, the time series plots 
show in general similar patterns. Some descriptive statistics and parallel box-plot for the 
data are shown in Table (1) and Figure (3), respectively. The overall measures of centre 
and variability of various stations are nearly close to each other with RAS having the 
smallest mean (coldest) and AQB as the largest (warmest). No outliers are detected via 
the box-plot. 

Figure (1): The map of Jordan with selected locations
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Figure (2): The time series plot of AMM data

Table 1: 
Some descriptive statistics of various time series

Location Mean C.V. Minimum Maximum Range
AMM 23.233 32.33 8.1 36.3 28.2
AQB 30.624 22.97 17.1 41.8 24.7
DEER 29.798 25.21 15.2 41.5 26.3
IRB 23.03 29.98 8.8 34.2 25.4
MAAN 24.765 31.38 9.5 37.8 28.3
RAS 18.483 38.58 3.7 30.1 26.4
SAF 26.294 33 10.2 41.5 31.3

3. SARMA MODELING OF OUR TIME SERIES

As we have seen above, the main feature in the temperature data of Jordan is the 
seasonality. We will thus fit both the SARMA and PAR models and make a comparison 
between them. At the same time, we attempt here to evaluate the efficiency of PAR 
models for such data. PAR models are applied in various disciplines, as mentioned in 
section 1, but is rarely applied for modelling temperature data (an example of such 
application is found in Lund et al. (1995)).

Here, we start by fitting a grid of SARMA models for each of the seven time series of 
various locations. The Akaike information criteria (AIC), defined as:

�� �� �� ��2ˆln 2� �V ��aAIC M N M ,

where N is the time series length, M is the number of parameters in the model and 2�̂Va is 

the estimated white noise variance (Wei, 1990). This job is carried out by a MINTAB-14
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Figure (3): Parallel box-plot of the time series of all locations

code in which a grid of SARMA models are fitted each of orders (p, d, q, P, D, Q) as seen 
in (1.1). It is noticed in all cases that a single seasonal differencing was sufficient to 
remove seasonality as well as trend. Therefore, we have fixed d and D to 0 and 1 
respectively. Table (2) presents the best SARMA models for various time series along 
AIC values and sum of squares of errors (SSE). The SSE will later be used to compare 
SARMA and PAR models.

Table 2: 
Best SARMA Models for Various Time Series

Location Best SARMA model SSE AIC

AMM (1,0,0)�u(0,1,1)12 948.331 2474.36
AQB (1,0,0)�u(0,1,1)12 505.623 2249.36
DEER (1,0,0)�u(0,1,1)12 710.252 2371.06
IRB (0,0,1)�u(0,1,1)12 827.872 2426.67
MAAN (1,0,1)�u(0,1,1)12 814.240 2342.89
RAS (0,0,1)�u(1,1,1)12 955.606 2478.79
SAF (0,0,1)�u(1,1,1)12 861.844 2441.74

It can be seen that the various SARMA models in Table (1) are in general low-order. 
It can also be noticed that these models are all mixed models except the model of IRB 
time series which is pure MA. Also, there is an agreement between the SSE and AIC 
values in Table (2) with the C.V. values in Table (1). For instance, the locations of AQB 
and RAS had the smallest and largest C.V. values in Table (1), respectively, and they 
have the smallest and largest SSE values in Table (2), respectively. 
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4. TESTING FOR PERIODIC AUTOCORRELATION AND PAR MODELING

As the period length in our time series is �&�� � �� �������� �W�K�H�Q�� �D�Q�\�� �3�$�5�� �P�R�G�H�O�� �K�H�U�H�� �Z�L�O�O��
consist of 12 separate equations in analogy with (1.3). McLeod (1994) pointed out that a 
simple and tentative method to examine for periodic autocorrelation in any seasonal time 
series is to sketch scatter plots for data in successive seasons. For instance, for monthly 
time series we investigate scatter plots for data in (Jan vs. Feb), (Feb vs. March), and so 
on. The presence of linear relationships in those plots and that those relationships are not 
homogeneous for all pairs of months indicates the presence of periodic autocorrelations 
in the time series which in turn suggest the use of periodic models as PAR model. In fact, 
this last point constitutes the crucial difference between ordinary ARMA and PARMA 
models. The first model assumes homogeneous correlation structure among the whole 
process regardless of time or season. On the contrary, periodic models allow for changing 
correlation structure in the process from one season to another.

An alternative approach to the scatter plots mentioned above is by investigating the 
ordinary correlation coefficients for pairs of successive months. For our time series, 
Table (3) shows significant correlation coefficients for all pairs of successive months. 
This table indicates that correlations in pairs of successive months are not the same 
within each time series which in turn indicates the presence of periodic autocorrelations 
in those time series. It can also be seen that the correlations in pairs of successive months 
are not the same for different time series.

Table 3:
Significant correlation coefficients in successive months for our time series

Pair of months AMM AQB DEER IRB MAAN RAS SAF
(1, 2) 0.364 0.362 0.363
(2, 3) 0.446 0.536 0.462 0.442 0.493 0.388
(3, 4) 0.350 0.423 0.392
(4, 5)
(5, 6) 0.359
(6, 7) 0.454 0.505 0.576 0.372 0.391
(7, 8) 0.480 0.360 0.469
(8, 9) 0.523 0.515 0.460
(9, 10)
(10, 11)
(11, 12) 0.370 0.336
(12, 1) 0.389

A formal test of periodic autocorrelation in any seasonal time series is given by 
McLeod (1993). The test statistic for monthly data is given by:

�� ���� ��
12 2

1
1�Q� 

� �Q�¦L N r , (4.1)

where �� ��1 �Qr is the 1st lag sample autocorrelation of sea�V�R�Q�� ���� �D�V�� �G�H�I�L�Q�H�G�� �E�\�� ��1.5) and N

represents the number of years of data. Due to McLeod, under the assumption that there 
is no autocorrelations of 1st lag for all seasons, L is asymptotically distributed as Chi-
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square of 12 degrees of freedom. McLeod proposed to apply this test on the residuals 
resulted from fitting SARMA models. If significant, this test will indicate that the 
residuals are periodically autocorrelated and therefore a PAR model should be considered 
in place of the SARMA model. An R-code named as PEAR, which is developed by 
McLeod, has been used to carry out this test. Other tests of periodic autocorrelations are 
available in the literature (see for example an application in financial data in 
Broszkiewicz-Suwaj et al. (2004)).

The R-code mentioned above can also be used to fit any PAR model of seasonal time 
series. We therefore used this code to fit the simplest PAR model, namely the PAR12(1) 
model, for each of our time series. Table (4) below shows those fitted PAR models and 
SSE values whereas Table (5) shows the p-values of periodicity test defined by (4.1) for 
both original data and for the residuals of fitted SARMA models given in Table (2) in the 
previous section.

Based on Table (4) we conclude that estimates of parameters of the �� ��12 1PAR models 

are different within each time series and among various time series. Also, some of these 
estimates are statistically significant while others are not. In fact, for the �� ��12 1PAR

model, the estimates of the coeffici�H�Q�W���S�D�U�D�P�H�W�H�U���R�I���V�H�D�V�R�Q�������� �Q�D�P�H�O�\���� ��1�I �Q , is nothing 

but the 1st lag periodic autocorrelation �� ��1 �Qr . Therefore, any of these estimates is 

considered significant if it falls outside 1.96�r N (see McLeod (1993)). As in our time 

series 30�#N , an estimate is significant if it is larger than 0.36 in absolute value. For 
instance, for location AMM, the significant estimates are those of seasons 2, 3 and 7. 
Thus the fitted �� ��1PAR models above are in fact not the best PAR models, but the 

simplest PAR models for our time series.

Although the SARMA models fitted in section 3 where the best in view of AIC 
criteria and the PAR(1) models fitted here are not the best, but the SSE values for the 
fitted �� ��1PAR models given in Table (4) for all time series are less than their 

corresponding values for SARMA models given in Table (2).

Finally, the periodicity test of the original data in Table (5) shows clearly the presence 
of periodic autocorrelations in all time series. This also supports the choice of PAR 
models. The last column in Table (5) shows that the residuals in the fitted SARMA 
models have no periodic autocorrelation. This conclusion can be attributed to two 
reasons. The first one is that the SARMA model could capture or filter out a portion of 
this periodic autocorrelation. The second is due to the seasonal differencing used in 
SARMA model which is in a sense a harmful seasonal adjustment method (Franses and 
Paap, 2004).
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Table 4:
Fitted PAR(1) Models for our Time Series

Month AMM AQB DEER IRB MAAN RAS SAF
1 0.23 0.35 0.38 0.23 0.02 0.15 0.12
2 0.48 0.43 0.46 0.43 0.36 0.23 0.40
3 0.39 0.48 0.49 0.43 0.40 0.34 0.33
4 0.31 0.21 0.34 0.35 0.12 -0.16 0.26
5 -0.03 -0.07 0.01 -0.02 0.06 0.29 0.01
6 0.13 0.02 0.07 0.12 0.20 0.16 0.19
7 0.90 0.39 0.81 0.93 0.51 0.34 0.67
8 0.30 0.51 0.32 0.47 0.35 0.34 0.31
9 0.16 0.43 0.49 0.37 0.01 0.23 0.06

10 0.26 -0.02 0.25 0.33 0.27 -0.11 0.51
11 -0.12 -0.02 -0.11 -0.16 0.09 0.09 0.06
12 0.31 0.32 0.37 0.33 0.33 0.67 0.33

SSE 902.8 486.4 673.0 798.3 785.9 942.6 858.4

Table 5:
Periodicity test of the original data and the residuals of SARMA models

Location
P-values of periodicity test

(Original data)
P-values of periodicity test

(Residuals of SARMA models)
AMM 0.00095 0.5290
AQB 0.00013 0.2018
DEER 0.00000 0.2694
IRB 0.00001 0.5813
MAAN 0.02084 0.6245
RAS 0.03064 0.5229
SAF 0.00527 0.6974

5. DISCUSSION AND CONCLUDING REMARKS

The main objective of this article was to shed some light on a relatively new seasonal 
model that is rarely used for temperature data, that is the PAR model. We have 
investigated modelling monthly temperature data by SARMA and PAR models. By 
various measures we have seen that those time series inhibit periodic autocorrelations. An 
important conclusion is that the fitted PAR(1) models for all time series dominate the 
SARMA models in terms of the SSE. 

It should not be understood that the PAR models are always better than the SARMA 
models. The fact of large number of parameters involved in PAR models is one of the 
main drawbacks of PAR models, specially for monthly data. We, however emphasize the 
capability of PAR models for modelling time series having periodic autocorrelations 
which may not be catched by other seasonal models as the SARMA model.

Finally, practioners of time series analysis and forecasters, including those interested 
in climatology and meteorology, should test for periodic autocorrelations in the analysis 
of seasonal time series. They should also consider periodic models including PAR 
models as an alternative or companion model beside other possible models.
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