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ABSTRACT

Estimation of mean of a stigmatized quantitative variable is considered here for
complex survey situations. The estimators proposed by Hussain and Shabbir (2007) and
that of Ryu et al. (2006) are studied. It is observed that the estimators proposed by
Hussain and Shabbir work better than Ryu et al. (2006) estimator in terms of efficiency as
well as the provision of privacy to the survey respondents, in complex survey situations.
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1. INTRODUCTION

Direct questioning about a sensitive characteristic (for example: about abortion,
sexual abuse, or taking drugs), generally, results in falsified responses or refusal to
respond at all. Having a reliable measure of the prevalence of the sensitive variables is a
serious issue in most of the social surveys. As a consequence of false reporting, an
unavoidable estimation bias creeps into the estimators. Warner (1965) was the first to
show this evasive answer bias, prevailing in the estimators based on direct questioning.
He proposed a randomized response method to estimate proportion of prevalence of the
sensitive characteristic in the population. Greenberg et al. (1971) extended the idea of the
randomized response model (RRM) to the estimation of mean of a sensitive quantitative
variable. The recent articles on the estimation of mean of a sensitive variable include
Eichhorn and Hayre (1983), Singh (1999), Singh et al. (2001), Gupta et al. (2002), Bar-
Lev et al. (2004), Ryu et al. (2006), Hussain et al. (2007) and many others. In all the
research cited above simple random sampling with replacement (SRSWR) sampling is
assumed. There are a few articles, which assume unequal probability sampling. Saha
(2006) and Arnab and Dorffner (2006) are some of the papers to be cited. In this paper,
we have studied Hussain and Shabbir (2007) RRTs and compared them with the
estimator proposed by the Ryu et al. (2006) in complex survey situations using unequal
probability sampling. In Ryu et al. (2006) RRM a respondent may report his actual value
on sensitive variable in two ways. Moreover, he/she may be suspicious about being
traced back to his/her actual response. Assuming SRSWR sampling design, Hussain and
Shabbir (2007) used the idea of increasing the number of ways a response can be
scrambled and an idea of double randomization to estimate the mean of the sensitive
quantitative variable. Since we intend to compare proposed RRMs with Ryu et al. (2006)
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RRM, we briefly outline in Section 2, the Ryu et al. (2006), and Hussain and Shabbir
(2007) RRMs. In Section 3, efficiency conditions are derived and numerical results are
given in Table 3 (see Appendix). In Section 4, results of a simulation study are discussed.

2. SOME RANDOMIZED RESPONSE MODELS

Let U ={u,,...,uy} be a finite population of N units and z; be the value of the ith

unit of sensitive variable z under study. The objective is to estimate the population mean
N

u, =>.z; /N on the basis of a sample s selected with p(s) according to design p. Here
i=1

the value z; cannot be obtained directly from the respondent. So a randomized response

y; is obtained from the ith (i € s) unit by using suitable RR technique R (say). Let r, be

a function of y; such that Egz(r)=1z and VR(ri):ciZ(R)Where Eg (Vg) denotes
expectation (variance) operators with respect to RR technique. In this paper we will
consider the following RR techniques:

2.1 RYU et al. Model

Based on Mangat and Singh (1990) two-stage randomized response model, Ryu et al.
(2006) proposed a model to estimate the mean of the sensitive quantitative variable. The
i" respondent selected in the sample of size n is requested to use the randomization

device R;, which consists of two statements: (i) “Report the true response Z; of sensitive
question” and (ii) “Go to randomization device R, in the second stage”, represented with
probabilities P and 1-P respectively. The randomization device R, consists of two
statements: (i) “Report the true response Z; of sensitive question”, and (ii) “Report the
scrambled response Z;S; of sensitive question”, represented with probabilities T and

1-T respectively. The possible outcomes from Ryu et al. (2006) RRM are presented
graphically in Figure 1 (see Appendix). Using the assumption of known distribution of

scrambling variable S such that pug =1 and o3 = y?, the variance of the estimator r. of
Z,; is given by

V()= (1-P)(1-T)yfy* =Vy, (2.1)
2.2 Hussain and Shabbir Model |

Each individual in the sample is requested to use a randomization device R, , which

consists of the two statements:
a) report your true response Z; of the sensitive question”, and

b) go to the randomization device R, ”,
represented with the probabilities P and 1- P respectively.

The randomization device R, consists of the two statements:
a) “report the scrambled response Z; +bS;”, and

7

b) “ report your scrambled response Z; —asS; ",
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represented with probabilities T -2 and 1-T =L respectively, where a and b
a+b a+b

are any positive real numbers, S is a scrambling variable with mean g =1 (any value
of mean of scrambling variable can be set, not particularly 1 as in Ryu et al. (2006) model
as far as the unbiasedness is concerned) and variance o2 =wy?. The graphical

representation of the outcomes of Model | is given in Figure 2 (See Appendix). The
variance of the estimator r, of Z; is given by

Ve (r)=(1- P)(1+\u2)ab:V2i. (2.2)

2.3 Hussain and Shabbir Model 11
Each individual in the sample is provided a randomization device R with two
outcomes: *Use randomization devices R;” and ‘Use the randomization device R, ’, with

probabilities P and 1—-P respectively. The randomization device R, consists of the two

statements:
a) “report you scrambled response Z; +b;S; ", and

b) “report you scrambled response Z; —&S; ”,
represented with probabilities T, = 4 and 1-T, = b
a +b a +
The randomization device R, consists of the two statements:
a) “report you scrambled response Z; +b,S;” , and
b) “report you scrambled response Z; —a,S; ”,

respectively.

represented with probabilities T, = %2 and 1-T, = by respectively. The
a, +b, a, +b,

outcomes of the Model Il are represented graphically in Figure 3 (see Appendix). The

variance of the estimator r; of Z; is given by

Ve (5) =L+ v?)(Paiy + (1= P)aghy ) =Vs;. @3

3. EFFICIENCY COMPARISON

In case z; is available from the respondents, one could set the following
homogeneous unbiased estimator of the population mean

t(z,s) = X bz, (3.1)

ies

where b; °s are known constants satisfying Z_ bip(s)=1/N.

K]l

In the present situation z;’s are not available from the respondents, so, we replace z;
by y; in (3.1) to find an unbiased estimator for the RR survey as follows.
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tr =t(z,y) = %bsi Yi - (3.2)

It is clear that
Et(z,y) =E, X biErYi =1;,

and
V(tz) =V, (X byz) +E (X b3c? (R) = Q+W(R),

les les

where Q=V,(Xbsz), W(R)= ¥ of(R)a; and o; = ¥, bZp(s). Let D, and D, be

ies ieU $Di
two different RR techniques. Then we say D, is more efficient than D, if

V(tp, ) <V(tp,)ie. W(D,) <W(D,). A sufficient condition of superiority of D, over
D, is o?(D,)<c?(D,) VieU.

3.1 Model I versus Ryu et al. (2006) Model
The estimator based on RR Model | will be more efficient than that of Ryu et al.
(2006) estimator if
Vi =V, 20,
or
(1-P)(2-T)yPw* ~(1-P)(1+ v )ab> 0.
Above condition is most likely to be achieved in most of the survey situations because

a and b are controllable and can be chosen very small. For example, one can set
a=0.0001 and b =0.0003.

3.2 Model 11 versus Ryu et al. (2006) RRM
The estimator based on RR Model Il will be more efficient than the Ryu et al. (2006)
RRT if

Vi =V 20,
or

(1-P)(2-T)yPw? —(L+ v )(Pagby +(1-P)ayb, ) 2 0. (3.3)

The inequality (3.3) can be made true by suitably setting the values of the a;,b;,a,
and b, . If the restriction a;b, =a,b, is imposed then inequality (3.3) reduces to

(1-P)(1-T)yPw® —(L+ v )azb, 2 0. (34)

The inequality (3.3) can be made true more easily simply by choosing the constants
a, and b, smaller irrespective of the value of P .
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4. NUMERICAL RESULTS AND SIMULATIONS STUDY

The numerical results for the both the Models | and Il are given in Table 3 (see
Appendix) for suitable values of a;,b;, =12, wz, and ci\, assuming unequal
probability sampling using Lahiri (1951) method. We have presented the relative
efficiency of our proposed Models | and Il in a Table because for small values of a; by,

i=1,2 Models | and Il are equally efficient when compared to RRM by Ryu et al.
(2006). To study the performance of the estimators based on Models | and Il as compared
to the Ryu et al. (2006) estimator, we have performed a simulation study. A sample of
size 100 was taken form the population. We assumed that the study variable follows a
Gamma (1, 2) distribution so that mean of the sensitive variable is 2. It was also assumed
that the scrambling variable follows a normal distribution with mean 1 and variance 0.5.
We have performed 5000 iterations and calculated the simulated means and standard
errors of the three estimators. All the estimators are unbiased but compared to Ryu et al.
(2006) model, both the estimators based on Model | and Model Il perform well in terms
of the sampling variance. In Tables 1 and 2 (see Appendix), we have given the simulated
means and standard deviation of the three estimators discussed in this article.
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Appendix

Fig. 1: Graphical representation of Ryu et al. (2005) RRM.
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Z; —as;

Fig. 2: Graphical representation of the outcomes of Model |
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Z; +b,S;
Fig. 3: Graphical representation of the outcomes of Model 11



134 Sensitive quantitative variable in complex surveys ...

Table 1:
Simulated mean and standard error (Stdev) of the estimator based on model |
and Ryu et al. (2005) estimator for a =0.01, b =0.02 and n = 1000.

P  Mean (Z,) Stdev (Z,) Mean(Z;) Stdev (Z,)

0.1 1.9967 0.2030 1.9967 0.2197

0.3 2.0019 0.2033 2.0026 0.2165

0.5 1.9979 0.2017 1.9987 0.2124

0.7 2.0050 0.2051 2.0051 0.2130

0.9 1.9992 0.2016 1.9992 0.2078
Table 2:

Simulated mean and standard error (Stdev) of the estimators based on model 11
and Ryu et al. (2005) estimator for a; = a,=0.01, b; = b,=0.02 and n =1000.

P  Mean (Z;,) Stdev (Z;) Mean (Z;)  Stdev (Z;)

0.1 2.0021 0.1982 2.0018 0.2159

0.3 1.9983 0.1994 1.9977 0.2126

0.5 1.9991 0.1991 1.9990 0.2099

0.7 1.9974 0.2007 1.9990 0.2091

0.9 2.0032 0.2002 2.0033 0.2063
Table 3:

Relative efficiencies of Models | and |1 relative to Ryu et al. (2005)
RRM for w?=0.5,0% =1,a =a, =b =0.01, b, =0.02, and n =1000
P
Hpa o4 T 0.1 0.3 0.5 0.7 0.9

0.1 2.01 1.78 1.56 1.33 111
0.3 1.78 1.61 1.43 1.26 1.08
2 1 05 1.56 1.43 1.31 1.18 1.06
0.7 1.33 1.26 1.18 111 1.03
0.9 1.11 1.08 1.06 1.03 1.01
0.1 4.44 3.67 291 2.14 1.38
0.3 3.67 3.08 2.48 1.89 1.29
4 1 05 291 2.48 2.06 1.63 121
0.7 2.14 1.89 1.63 1.38 1.12
0.9 1.38 1.29 1.21 1.12 1.04
0.1 8.49 6.82 5.16 3.49 1.83
0.3 6.82 5.53 4.23 2.94 1.64
6 1 05 5.16 4.23 3.31 2.38 1.46
0.7 3.49 2.94 2.38 1.83 1.27
0.9 1.83 1.64 1.46 1.27 1.09
0.1 1415 11.23 8.31 5.38 2.46
0.3 11.23 8.96 6.68 441 2.13
8 1 05 8.31 6.68 5.06 3.43 1.81
0.7 5.38 441 3.43 2.46 1.48
0.9 2.46 2.13 1.81 1.48 1.16




