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ABSTRACT

In this paper we suggest three classes of regression-cum-ratio estimators for
estimating population mean of variable of interest for two-phase sampling using multi-
auxiliary variables for full information, partial information and no information cases. The
expressions for mean square errors are derived. Theoretical comparison is given. Special
cases of estimators are also identified.
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1. INTRODUCTION

The use of auxiliary information is a widely discussed topic in sampling theory to
obtain improved designs and precise estimates of some population parameters like mean
or variance. It is well known that when the auxiliary information is utilized at the
estimation stage. The ratio, product and regression methods are employed in many such
situations.

The estimation of the population mean is an unrelenting issue in sampling theory and
several efforts have been made to improve the precision of the estimates in the presence
of multi-auxiliary variables. A variety of estimators have been proposed following
different ideas linking together ratio, product or regression estimators.

Olkin (1958) was the first author to deal with the problem of estimating the mean of a
survey variable when auxiliary variables are made available. He suggested the use of
information on more than one auxiliary variable, positively correlated with the study
variable analogously to Olkin; Singh (1967a) gave a multivariate expression of Murthy’s
(1964) product estimator, while Raj (1965) suggested a method for using multi-auxiliary
variables through a linear combination of single difference estimators. Moreover, Singh
(1967b) considered the extension of the ratio-cum-product estimators to multi-auxiliary
variables Shukla (1965) suggested a multiple regression estimator while Rao and
Mudholkar (1967) proposed a multivariate estimator based on a weighted sum of single
ratio and product estimators.
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94 Generalized regression-cum-ratio estimators for two-phase sampling...

John (1969) suggested two multivariate generalizations of ratio and product
estimators which actually reduce to the Olkin’s (1958) and Singh’s (1967a) estimators.
Srivastava (1971) proposed a general ratio-type estimator which generates a large class of
estimators including most of the estimators up to that time proposed.

Robinson (1994) proposed a regression estimator ignoring some of the assumptions
usually adopted in the literature (see, e.g., Srivastava (1971)), Tracy et al. (1996) and
Perri (2004) proposing an alternative to Singh’s (1965, 1967b) ratio-cum-product
estimators, when two auxiliary variables are available. Ceccon and Diana (1996)
provided a multivariate extension of the Naik and Gupta (1991) univariate class of
estimators. Agarwal et al. (1997), moving from Raj (1965), illustrated a new approach to
form a multivariate difference estimator which does not require the knowledge of any
population parameters. Abu-Dayyeh et al. (2003) introduced two estimators which are
definitely members of the class proposed by Srivastava (1971), while Kadilar and Cingi
(2004, 2005) analyzed combinations of regression type estimators in the case of two
auxiliary variables. In the same situation, Perri (2005) proposed some new estimators
obtained from Singh’s (1965, 1967b) estimators. Pradhan (2005) suggested a chain
regression estimator for two-phase sampling using three auxiliary variables when the
population mean of one auxiliary variable is unknown and other auxiliary population
means are known.

In practical surveys, the problem is to estimate population means of variables of
interest. For example, in a typical socio-economic survey conducted in rural areas in
Indo-Pak subcontinent, the multiple variables of interests may be size of household,
monthly income and expenditure of the household, number of unemployed persons,
number of illiterates, number of persons engaged in agriculture, amount of land owned,
leased and leased out, number of cattle owned etc. In some situations the auxiliary
information may be available through the past census data or conveniently collected. For
example in a village land survey, the information on the variables such as area of the
village, cultivable area, grazing grounds etc. may be easily obtained through the past
census data and may be used to estimate the means of variables of interest.

If we have information on multi-auxiliary variables practically sometimes either
information for all these auxiliary is available from population or available for some
variables or not available for all auxiliary variables. By considering these practical
situations, we suggest general classes of regression-cum-ratio estimators for estimating
the population mean of study variable for two-phase sampling using multi-auxiliary
variables by considering the following three cases (see Samiuddin and Hanif (2007).

1. Estimators when information on all auxiliary variables is known for population
(Full Information Case).

2. Estimators when information on some auxiliary variables is known for population
(Partial Information Case).

3. Estimators when information on all auxiliary variables is unknown for population
(No Information Case).

Before suggesting the estimators we provide two-phase sampling scheme and some
useful notations and results in the following section.
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2. TWO-PHASE SAMPLING USING MULTI-AUXILIARY VARIABLES

Consider a population of N units. Let Y be the variable for which we want to
estimate the population mean and X;, X,,........ Xq are g auxiliary variables. For two-

phase sampling design let n, and n, (n2 <n;) are sample sizes for first and second
phase respectively. Xq); and X.,); denote the i™ auxiliary variables form first and second
phase samples respectively and y, denote the variable of interest from second phase. )?i
and Cy, denote the population means and coefficient of variation of it auxiliary
variables respectively and Pyx denotes the population correlation coefficient of Y and

1 1 1 1
Further let el_n_l_ﬁl OZ_E_W’ Yoy =Y +8y, . Xy =Xi+e, and

X2)i = X, e (i=12,..k) where &, Sy and €, are sampling errors and are

of very small quantities. We assume that E, (ey(z) ) = El(ex(l)i ) =E, (ex(z)i ) =0. Then for

X

simple random sampling without replacement for both first and second phases we write
by using phase wise operation of expectations as:

E (e, ) ( st, E, (e, )Zz( —%Ji—fzejzci,

2

m

m

n, ) Syx
2 ex(z ) [ |\Tj n2 _GZYX C Cxipyxi,

El 2\1|: ( - ex(z)i )} = ElEZ\l (eb ex(l)i )_ E2 (GYz ex(z)i )

n n 1
:(1_lesvx, ‘(1 I\ijYX :W(nZ_nl)SYXi )

S S _
s |& 5 _ M | °vx; Ny 19v
BBy [eyz (ex(l)i ~Cxy )}— (1— N j—nl —(1——N j—nz =(0,-0,)YX;C,Cy pyx. -

Similarly
EiEx [gﬁz)a (Eyh)a 8oy )} =(0,-02)0}, =(6,-0,) XPCy,

EE 2‘1[@ (% -5, )}:o,

z(eyzex(z ) [ ]SYX —0,Y%,C,Cy Py
E

l)l B
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E1Eap [(gx(l)i ~Cy )(Exu)j ~&a) ﬂ =(02- el)cxixj
=(02-61) Xi X Cy Cy Py, i (1 1)
and

ElEZ‘l |:(€X(2)| )(gx(l)] _gx(z)j )jl = (el _GZ)Gxixj = (61 _GZ)Xi)szxi CijXin ’(I # J) '

The following notations will be used in deriving the mean square errors of proposed
estimators

Determinant of population correlation matrix of variables y, x;, X, ..., Xq-1

q
and X .
‘Ryx_ Determinant of i minor of |R|yX corresponding to the i'" element of p,, .

' y2,<q 2q i
pf,x Denotes the multiple coefficient of determination of y on X, X,...,X,_;and x; .
pf,%q Denotes the multiple coefficient of determination of y on x;, X,..., X,y and X .
|R . Determinant of population correlation matrix of variables x;, X,,...,X,_;and x; .
IR| Determinant of population correlation matrix of variables X, X,,..., X,_; and x

Xq s A2 q-1 q.
IR| Determinant of the correlation matrix of y;, X, Xy,..., X, and x, .
YiXs
| |yi>~(q Determinant of the correlation matrix of y;, X, Xy, ..., X, ;and X, .
| |y yx Determinant of the minor corresponding to Pyy, of the correlation matrix of
iYjZ%s !
Yir Yo X1 Xpre X g @nd x,, for (i j).
| |y_y_X Determinant of the minor corresponding to Pyy, of the correlation matrix of
iYjZq !
Yir ¥jr X Xgseen Xq g @Nd X , fOr (i+]).
2.1 Result: 1

The following result will help us in deriving the mean square errors of suggested
estimators

R
||R||y5q = (1_ pf% ) [Arora and Lal (1989)]

%q
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2.2 Regressions-Cum-Ratio Estimator (Full Information Case)

If we estimate a study variable when information on all auxiliary variables is
available from population, it is utilized in the form of their means. By taking the
advantage of Regression-cum-Ratio technique for two-phase sampling, a generalized

estimator for estimating population mean of study variable Y with the use of multi-
auxiliary variables are suggested as:

— Yi
q{yﬁgai(x-—(z)iﬂjﬁjj[_x—e]

X2)i

Ignoring second and higher terms for each expansion of product and after

i=r+l

. . . . — r+s=q Y
simplification, we write t, =| Y +& Zoc &~ > = y, X
The mean square error is
2
MSE(t)=E, |5, - > o, S0 s (3.2.1)
' i=1 e |r+1x o o

The optimum values of o; and y; for which the mean square error of estimator t; is
minimum to term of o(1/n) are

=~ R
i C ¥Xi
o :(_1)I+1L_y‘ ¥Xq ( )I+1Byx X (| =12,..r and r+s=q)
Xi X |R|>~<q
and
i+1 Cy ‘Ryxi X i X .
Yi :(—l) o |R| %a :( ) 'Byxx (|:r+1,r+2,....r+s and r+s=q)_

The unknown constants are related to the partial regression coefficients of study
variable and auxiliary variables. If these partial regression coefficients are not known,
these will be estimated from second phase because the estimator t, utilizes the

information on g auxiliary variables and study variable from second phase sample.

Using normal equations that are used to find the optimum values of a;andy;, (3.2.1)
can be written in simplified form as:
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_, L r+s=q y o
:Ez(eyz)—ZaiEz(eyzex(z)i)— > TyiEz(eyzeX(z)i)

i=r+1 Aj

_ r _ rs=q y _
=0,Y°C? —_Zl(xiGZYXiCyCXipyxi -3 < 1i02YXC,Cypy
i=

i=r+l Aj

Using the values of o; andy; and after simplification, we get:

I R
_ r . YX; r+s=q : YXi
MSE(tl)=YZC§ 62_622(_1)|+1R—y~xqpyxi _92-2 (_ i+1 - ¥Xq ”
-1 | |)~(q i=r+l | |Z‘q
I R
_ "
-vec; ez+ezi(—1)"—y“‘pyxi
= |R|)~(q
0,Y°C;
= |R| |:|R|Z<q _pyxl Ryxl ¥Xq +pyx2 Ryxz V¥,
Xq
q
_pyX3 RyX3 qu T +(_1) pqu qu y)~(q:|
or
72R2 |R|Y’Sq
MSE(tl)zezY Cy |R|
X

%q

Using Result 1, we get:

MSE (t,) = 6,Y 2C2 (1— Pl ) .

2.3 Regressions-Cum-Ratio Estimator (Partial Information Case)

In this case suppose we have no information on all g auxiliary variables but only
for r auxiliary variables from population. Considering Regression-Cum-Ratio technique
of estimating technique, the population mean of study variable Y can be estimated for
two-phase sampling using multi-auxiliary variables as:

— Yi — 5:
_ roL _ r+s=q X(l)i r+s=q Xi
t, = {yz + Eiai (X(l)i —X2)i )} izl:[ﬂ [_—] i:l:[d [_—J

X2) X2)
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_ _ ; — =&
_ r.(_ _ r+s=q ex(l)i _ex(z)i 5 r+s=q ex(z)i I
=Y +&, +2 04 (ex(l)i —eX(Zi) I1|1+———| II |1+—= .
i=1 ) i=r+1 Xi i=r+1 Xi

Ignoring second and higher terms for each expansion of products and after
simplification we write

¢ Y_ _ roL _ r+s Y [_ _ r+s 6" Y_ _
2 Y2 Ela'( X X(z)i) i:Zr:HYI X; ( X X(Z)i) i:Zr:+1 Py i

The mean square error of t, is written as

r " —_— —_—
MSE (t,) = E,Ey {gyz X, (B, %0

r+s r+s Y_ 2
+|—§+1yi X ( Xoi X )_i—zr;rlsi XTieX(Z)‘:| (3.3.1)

The optimum values of a;,y; and &; for which the mean square error of t, is
minimum to term of o (1/n) are:

— R
. Y C ‘ 29 . .

a =(—1)'+17ic—: |R|ny“ = (1) By » (i=12,.01).

! 2q
Y _(—1)i+lC_V ‘Ryx' X _‘Ryx' ¥
I CXi |R|)~(q |R|)~(s
X .
:(_1)|+1 YTI(Byx. % Buyx, x. ), (i=r+Lr+2,..r+s)
and
., C ‘Ryxi i )
3, —(—1)”10—: |ny¥5 :(—1)'+1[3y5i_55, i=r+1r+2,...r+s.

The optimum values are related to the partial regression coefficients of variable of
interest and auxiliary variables. Usually these partial regression coefficients are unknown
then these can be estimated from sample data. The estimator t, utilizes the information

on ¢ auxiliary variables from both first and second phase. Keenly observing the
estimators t, the optimum values of unknown constants o and vy; will be estimated

from first phase sample and 6, from the second phase. Using normal equations that are
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used to fined the optimum values of a;,y; and$; , (3.3.1) can be written in a simplified
form as:

r " —
MSE (t, ) = E;Ezn |:e)’2 ( +_210ti ( 5 e )
i=
r+s .Y _ r+s Y _
AR A RS H
—E1E2/1( )+ZOL E1E2/1{ Y ( i— )}
res LY \7
A v EE { | } T EE ( )
i=r+l I X| L o i= r+l x 2\ X(z
— r —
=0,Y°C] +(0,-0, )_z a;YX;CyCy Py
r+s .Y — r+s Y
+(0, - )Zy,_YXiCC pyX—GZZS _YXCCipyxi.
i=r+1 X i=r+1 X

Using the values of a;,v; and &; and after simplification we get:

‘R
_ r ; YX;
MSE (t,)=Y?*CJ| 06, (6, —Gz)H(—l)' Py, R, =
= X
R, [R |
r+s ; ¥ YX r+s ¥Xi
~(6,-6 -1 R ) ' e
( 1 2)I;+—1( ) pyX. |R|)~(q |R)~(s Zlé—l( ) |R)~(S
22 i ‘Ryxi Y¥q
~V2C| (0 =)+ (02 =0 X () o T
= X
‘R _ ‘R
r+s yX| r+s YXi
+(92 1) z ( IPyxI R = +6, 91_2 ( )I Pyx, R £
i=r+l | |)~(q i=r+1 | |Z‘s
or
2.2 i ‘Ryxi VXq r+s i ‘ YX; ¥
=Y2Cy| (8, =61)| 1+ (1) pyx = 0,1+ 3 (-1) py =11,
i= | |Z<q i=r+l |R)~<S

or
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|R|yxS |R|Yl<q
Rl IRl

Rl,,
" IR

MSE (t,)=Y*C| 0,——-+6, -

Xs

X

q X

q

Using Result 1 we get:

MSE (t,) = Y 2C2 :92 (1—p§'>~(q )+91(p§,.)~<q P2, )} .

2.4 Regressions-Cum-Ratio Estimator (No Information Case)

We consider the following regression-cum-ratio estimator for two-phase sampling
using multi-auxiliary variables for estimating the population mean Y when information
on all auxiliary variables is not available from a population as:

EN
~ e _ r+s=q X(l)i
ty = A ()i
3 [yz + Eia' (X(l)' X )} iﬂ-l {X(Z)i J

= = \%
— oL _ r+s=q ex( y —ex( )
= {Y +E, +2 04 (ex(l)i =y )} I1 [Hsz .

i=r+l

Ignoring second and higher terms for each expansion of product and after
simplification we can write

_— roo.q _ r+s=q y [ _
ty=]Y +g, +> 0, (exmi —ex(z), )+ > =i (ex(m —ex(z)l) .

i=1 ' i=r+1 X

The mean square error is

_ roo _ r+s=q Yy [ _ 2
MSE (t;) = E, | &, +i§ai(ex(1)i —ex(z)l)+ i=§+lXTiYi (ex(1). —ex(z)i) . (342

The optimum values of o; andy; for which the mean square error of t, is minimum
to the order o(1/n) are:

. 1 v C, IRy i
:(_1).4;7'—:‘ R s (=200
and
i1 C ‘Ryxi yX i1 X )
vi =(-1) C—y R = =(-1) YT'BYM,(|=r+1,r+2,....r+s).

In this case the optimum values are also related to the partial regression coefficients
of study variable and auxiliary variables. Mostly these partial regression coefficients are
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unknown but these can be estimated from sample data. The estimator t; utilizes the
information on q auxiliary variables from both first and second phase. Analyzing the
estimators t; the optimum values of unknown constants o; and vy; will be estimated
from first phase sample in the form of sample regression coefficients.

(3.4.1) is also written in a simplified form as:

— ro, T _ res=q y o _
MSE (t;) =E, (ey2 )+i§1aiE2 (ey2 (ex(l)i &, ))— 3 XTyiE2 (eyz (ex(l)i —&,, ))

i=r+1 Aj
—> roo r+s=q Y ., __
=0,Y Cy +(91 —GZ)ZlOLiYXiCyCXi Pyx +(91 —92) > XTinXiCnyipyXi .
iz .

i=r+l A\j

Using the values of on} and y; and after simplification we get:

R
— r A Y%
MSE (t;) = V*CJ | 0, +(6, ~0) X (-)™ m =y
i= Xq
= . VX,
+(91_ 2 r+§:q -~ = YXi
i=r+l1 |R|x
~q
i R
_ q ‘ YXi
-v2c2|o, +(62—91)_Zl(—1)' A L
1=

Using Resultl, we get:
MSE (t;) = Y 2C2 [(e2 -0,)(1-p}x )+el} —v2c? [ez (1= )+elp§%q ]

3. THEORETICAL COMPARISON OF NEW ESTIMATORS

The MSE criterion is most common for comparing various estimators [Lee and
Peddada (1987) and Cox and Hinkley (1974)]. We suggest three estimators in this paper
in which first one is for full information case, second one is for partial information case
and last one is for no information case. The estimator for full information case is more
efficient than the estimator for partial information case and the estimator for partial
information case is more efficient than for the no information case. It can be checked by
comparing their MSE’s as:
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MSE (t,)— MSE (t,) = -6,Y °C; (pf,.Kq —p3x, ) <0; as g>s

and  MSE(t,) - MSE(t;) = -6,Y°C2p2, <0.

y

4. SPECIAL CASES

We summarize the results for the three cases as follows:

103

Proposed Estimators ggrll(sr][g\:qvtr; Special Cases
I. Full Information Case a; i
% ¥i A class of ratio
r — r+s=q : ith s
t=| v+ ( X — ) i estimators wit
1 {yz IzZlot. i A2 ]zrﬂ[y(z)i 0 i auxiliary variables for
Full Information Case
% Vi A class of regression
r _ _ r+s=q H - h r
t=| v+ ( X — ) i estimators wit
1 {yz i:ZlOL. i) L_rnﬂ[y(z)i %i 0 auxiliary variables for
Full Information Case
1. Partial Information Case o |y |8
L _ A class of ratio
L=y + Z:lo‘i (X(l)i - X(Z)i) estimators with s
= ) ] 0 s auxiliary variables for
X S . . . .
res=af Xy " smg x| Vi i E:artlal Information
mi==1 1= ase
i=r+1 X(2)i i=r+1{ X(2)i
o _ A class of ratio-cum-
L=y + %ai (X(l)i - (2)i) regression estimators
= ) ] with q auxiliary
T A L ° o |0 5 variables for Partial
I e __Xi Information Case
i=r+1 X(z)i i=r+1| X2)i
o . A class of ratio-cum-
L=Vt ;ai (X(l)| X ) regression estimators
= . . ar with g auxiliary
AR LN G aj Yi variables for No
5N & I 2 Information Case
i=r+l X(Z)i i=r+1{ X(2)i
o _ B A class of regression
L=yt __210" (X(1)| ~X)i ) estimators with r
= . o 1o auxiliary variables for
resaf Xy e X i % No Information Case
i=r+1 Y(Z)i i=r+1 _(Z)i
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. Unknown .
Proposed Estimators Constants Special Cases
L _ A class of ratio
L=]Y+ __Ziai (X(l)i ~X)i ) estimators with s
= ) . 0 . 0 auxiliary variables for
res-af Xy s %, i Vi No Information Case
I[Hi=—| Il |z
i=r+l X(Z)i i=r+1{ X(2)i
o _ A class of ratio
L=Y+ __Zlai (X(l)i ~X)i ) estimators with s
. ] . 0 0 . | auxiliary variables for
r+1§[:q X " ris=q X; i i E’:thém Information
i=r+l Y(Z)i i=r+l _(Z)i
I11. No Information Case o Vi
— \% A class of ratio
v (v = SO i .| estimators with s
t; = + ; ( =X ) : L .
3 {yz Ela' i ~X2)i } iZri1 [—(z)i ] 0 Vi auxiliary variables for
No Information Case
.\ A class of regression
o iv (v _+ V&Y @i , estimators with r
s = {yz * Elai (X(l)i X2) )} iﬂl {7(z)i J % 0 auxiliary variables for
No Information Case

Obviously the classes of special cases are not efficient than suggested classes of

estimators.

5.NUMERICAL ILLUSTRATION

Description of populations is given in Table 1 and mean square errors of suggested

estimators are given in Table 2.

Table

1

Description of Population

Source

“Measurement of four characters of: Flucus Religiousament” by Pradhan (2000)

y |Length of petiole

% |Length of lamina (blade) of the leaf

X,  |Width of the leaf at its widest paint

X3 |Width of leaf half way along the blade

N P yX p YX;

p VX3 p X1 Xo

P Pyxs

160 0.5423 0.6166 0

2704

0.8568

0.7424 0.8027
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Table 2:
Mean Square Errors of Estimators
Auxiliary Auxiliary
Variables for Variables for Relative Efficiency when
Estimator | which Information | which Information N =160.n =50 n.=20
is Known for the | is unknown for the Tt T2
Population Population
tz (NIC) - Xy Xoy X3 100
t, | ta Xps X3 X 129.34
1, X, X3 X 123.46
tos Xy Xp X3 156.65
PIC| ty X1 s Xy, X3 168.07
tos Xy Xpy X3 149.43
tos X3 X1, Xp 164.12
t1(FIC) Xpy Xp, X3 - 135.73

In Table 2 we provide MSE’s of eight estimators, first estimator is for full
information case, last estimator is for no information case and other six estimators are for
partial information case with all possible combinations of auxiliary variables with known
and unknown information from population. In theoretical comparisons t; is more efficient
than t, and t, is more efficient than t;. But in empirical comparison, we see that a special
case of partial information i.e. t,4 performs better than all others. It means that population
characteristics like mean, coefficient of variation, variances, sample sizes of both phases
and especially correlation coefficients of study variable with auxiliary variables and
correlation coefficients within auxiliary variables count a lot for suggesting an estimator
for use in real life situations. This can be adequately judged by considering at least ten
different types of natural populations and MSE’s should be calculated for study variable
in the presence of at least five auxiliary variables.
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