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ABSTRACT 

 

 Some characterizations of well known univariate continuous distributions based on a 
truncated moment of the ݄݅ݐ order statistics are presented. It is shown that some of the 
known results are special cases of the results presented in this paper. 
 

1. INTRODUCTION 
 

 The problem of characterizations of distributions which has attracted the interest of 
many researchers. Suppose ଵܺ, ܺଶ, … , ܺ௡ be a random sample of size ݊ from an 
absolutely continuous distribution with cumulative distribution function (cdf) ܨሺݔሻ and 
the corresponding probability density function (pdf) ݂ሺݔሻ. 
 

 Let ଵܺ,௡ ൏ ܺଶ,௡ ൏ ڮ ൏ ܺ௡,௡ be the corresponding order statistics. Ahsanullah and 
Hamedani (2007) have characterized beta of the first kind and the power function 
distribution using 1st order and ݊௧௛ order statistics respectively. Hamedani et al. (2008) 
characterized certain univariate distributions using truncated moment of ଵܺ,௡. We like to 
mention here the works of Galambos and Kotz (1978), Kotz and Shanbag (1980), 
Ahsanullah (1973, 1989), Glanzel (1987), Oncel et al. (2005) and Wesolowski and 
Ahsanullah (2004). In this paper characterizations of some univariate distributions based 
on the truncated moments of the ݅௧௛ ሺ݅ ൒ 1ሻ order statistic are given. It is shown that 
some of the known results are special cases of the results of this paper. 
 

2. MAIN RESULTS 
 

 It can be shown easily that for a positive random variable with ܨሺ0ሻ ൌ 0 and 
ሺܾሻܨ ൌ 1 with E(ܺఈሻ, as finite, then 
 

௜,௡ݔ൫ܧ  
ఈ หݔ௜,௡ ൐ ൯ݐ ൌ  + ఈݐ

׬ ఈ௫ഀషభሺଵିிሺ௫ሻሻ೙ష೔శభௗ௫್
೟

ሺଵିிሺ௧ሻሻ೙ష೔శభ . 
 
 We present here a theorem based on the truncated moment of the ݅௧௛ order statistic. 
 
Theorem 2.1 
 Let ܺ:Ω ՜ ሺܽ, ܾሻ, ܽ ൒ 0 be a continuous random variable with cdf ܨሺݔሻ and 
lim௫՜௕ ఈݔ ሺ1 െ ሻሻݔሺܨ ൌ 0 for some ߙ ൐ 0. We assume ݃ሺݔ, ݅. ݊ሻ is differentiable with 
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respect to ݔ and 
1

( , , )
b
a

x dx
g x i n

α−α
= ∞∫  . Then 

 

  E൫ݔ௜,௡
ఈ หݔ௜,௡ ൐ ൯ݐ ൌ ఈݐ ൅ ݃ሺݐ, ݅, ݊ሻ, ܽ ൏ ݐ ൏ ܾ,         (2.1) 

 
implies that  
 

ሻݔሺܨ   ൌ 1 െ ቀ ௚ሺ௔,௜,௡
௚ሺ௫,௜,௡ሻ

ቁ
భ

೙ష೔శభ ݁ି ׬ ഀ೟ഀషభ
ሺ೙ష೔శభሻ೒ሺ೟,೔,೙ሻௗ௧ೣ

ೌ .        (2.2) 

 
Proof: 
 The condition (2.1) and the assumption lim௫՜௕ ఈݔ ሺ1 െ ሻሻݔሺܨ ൌ 0 for some ߙ ൐ 0 
imply that  
 

׬   ఈିଵ௕ݔߙ
௧ ሺ1 െ ݔሻሻ௡ି௜ାଵ݀ݔሺܨ ൌ ݃ሺݐ, ݅, ݊ሻሺ1 െ   ሻሻ௡ି௜ାଵ.      (2.3)ݐሺܨ

 
 Differentiating both sides of (2.3) with respect to t, we obtain 
 

  െݐߙఈିଵሺ1 െ   ሻ௡ି௜ାଵݐሺܨ
 

  ൌ ቂ ௗ
ௗ௧

݃ሺݐ, ݅, ݊ሻ൫1 െ ሻ൯ݐሺܨ െ ሺ݊ െ ݅ ൅ 1ሻ݃ሺݐ, ݅, ݊ሻ݂ሺݐሻቃ ൫1 െ ሻ൯௡ି௜ݐሺܨ
. 

 
 On simplification, we have 
 

  
௙ሺ௧ሻ

ଵିிሺ௧ሻ
= 

ങ
ങ೟೒ሺ೟,೔,೙ሻ

ሺ௡ି௜ାଵሻ௚ሺ௧,௜,௡ሻ
൅ ఈ௧ഀషభ

ሺ௡ି௜ାଵሻ௚ሺ௧,௜,௡ሻ
 .          (2.4) 

 
 Integrating (2.4) with respect to ݐ from ܽ to ݔ results in 
 

ሻݔሺܨ   ൌ 1 െ ቀ௚ሺ௔,௜,௡ሻ
௚ሺ௫,௜,௡ሻ

ቁ
భ

೙ష೔శభ ݁ି ׬ ഀ೟ഀషభ
ሺ೙ష೔శభሻ೒ሺ೟,೔,೙ሻௗ௧ೣ

ೌ .       (2.5) 

 
Remark 2.1. 
 If ݅ ൌ 1 and ܾ ൌ ∞, then we obtain the Theorem 2.1 of Hamedani et al. (2006). 
 
2.1. Burr Type XII Distribution 
 The pdf of this distribution is given by  
 

  ݂ሺݔ, ,ߙ ሻߚ ൌ ఈିଵሺ1ݔߚߙ ൅ ,ఈሻିఉାଵݔ ݔ ൐ 0.          (2.6) 
 
where ߙ ൐ 0 and ߚ ൐ 0 are parameters. 
 
 Proposition 2.1 Let ܺ:Ω ՜ ܴା be a continuous random variable with cdf ܨሺݔሻ such 
that 
 

  ݈݅݉
ݔ ՜ ఈሺ1ݔ∞ െ ሻሻ௡ି௜ାଵݔሺܨ ൌ 0.  
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Then X has the pdf (2.6) for ሺ݊ െ ݅ ൅ 1ሻߚ ൐ 1 if and only if 
 

൫ܧ   ௜ܺ,௡
ఈ ห ௜ܺ,௡ ൐ ൯ݐ ൌ ሺ௡ି௜ାଵሻఉ௧ഀାଵ

ሺ௡ି௜ାଵሻఉିଵ
 .            (2.7) 

 

Proof: 
 Suppose that ܨሺݔ, ,ߙ ሻߚ ൌ 1 െ ሺ1 ൅ ఈ ሻିఉݔ  , then  
 

  
1 1

, , 1

(1 ( ))
( | )

(1 ( ))

n i
t

i n i n n i

x F x dx
E X X t t

F t

∞ α− − +
α α

− +

α −
> = +

−
∫  

and 

  
1 1

1

(1 ( ))
( , , )

(1 ( ))

n i
t

n i

x F x dx
g t i n

F t

∞ α− − +

− +

α −
=

−
∫  

 

      = 
1 ( 1)

( 1)

(1 )
(1 )

n i
t

n i

x x dx
t

∞ α− α − − + β

α − − + β

α +

+
∫  

 

      = ଵା௧ഀ

ሺ௡ି௜ାଵሻఉିଵ
. 

 

 Thus 
 

൫ܧ    ௜ܺ,௡
ఈ ห ௜ܺ,௡ ൐ ൯ݐ ൌ ሺ௡ି௜ାଵሻఉ௧ഀାଵ

ሺ௡ି௜ାଵሻఉିଵ
. 

 

 Suppose ݃ሺݐ, ݅, ݊ሻ ൌ ଵା௧ഀ

ሺ௡ି௜ାଵሻఉିଵ
, then using Theorem 2.1, we obtain 

 

ሻݔሺܨ   ൌ 1 െ ቀ ௚ሺ௔,௜,௡
௚ሺ௫,௜,௡ሻ

ቁ
భ

೙ష೔శభ ݁ି ׬ ഀ೟ഀషభ
ሺ೙ష೔శభሻ೒ሺ೟,೔,೙ሻௗ௧ೣ

ೌ  
 

       = 1 െ ቀ ଵ
ଵା௫ഀቁ

భ
೙ష೔శభ ݁ି ׬ ೏೟ഀషభሺ೙೔శభሻഁషభ

ሺ೙ష೔శభሻሺభశഀאሻ
ೣ 

బ  ୢ୲ 
 

       = 1 െ ሺ1 ൅  .ఈ ሻିఉݔ
 
Remark 2.2. 
 If ߙ ൌ 1 and ݅ ൌ 1, then we get the result given in Proposition 2.1 in Hamedani et al. 
(2008). 
 
2.2. F Distribution with 2 and m Degrees of Freedom 
 The pdf of this family is as follows 
 

  ݂ሺݔ, 2, ݉ሻ ൌ ݉
೘
మ  ሺ݉ ൅ ሻቀ೘ݔ2

మ శభቁ, ݔ ൐ 0          (2.8) 
 

where ݉ ൐ 0 is a parameter. 
 
 Proposition 2.2. Let ܺ:Ω ՜ ሺ0, ∞ሻ be a continuous random variable with cdf F (x). 
The random variable X has the pdf (2.8) if and only if 
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  , ,
( 1)( | ) , ( 1) 2
( 1) 2i n i n
n i mt mE X X t n i m
n i m
− + +

> = − + >
− + −

.       (2.9) 

 

Proof: 
 Suppose  

  F(x) = 1
/2

/2( 2 )

m

m
m

m x
−

+
, then 

  , ,( | )i n i nE X X t t> = +  

( 1)
2

( 1)
2

2

2

m n i

t

m n i

m
m x

m
m t

− +

∞

− +

⎛ ⎞
⎜ ⎟+⎝ ⎠

⎛ ⎞
⎜ ⎟+⎝ ⎠

∫
  

and 

  g(t,i,n) =

( 1)
2

( 1)
2

2

2

m n i

t

m n i

m
m x

m
m t

− +

∞

− +

⎛ ⎞
⎜ ⎟+⎝ ⎠

⎛ ⎞
⎜ ⎟+⎝ ⎠

∫
 

     = ௠ାଶ௧
ሺ௡ି௜ାଵሻ௠ିଶ

 . 
 

 Suppose ݃ሺݐ, ݅, ݊ሻ ൌ ௠ାଶ௧
ሺ௡ି௜ାଵሻ௠ିଶ

 , then using Theorem 2.1, we obtain 
 

ሻݔሺܨ   ൌ 1 െ ቀ ௠
௠ାଶ௫

ቁ
భ

೙ష೔శభ  ݁ି ׬
ሺ೙ష೔శభሻ೘షమ

ሺ೙ష೔శభሻሺ೘శమ೟ሻ
ೣ

బ  ୢ୲ , m(n-i+1)൐ 2 
 

      = 1 െ ቀ ௠
௠ାଶ௫

ቁ
భ

೙ష೔శభ ቀ ௠
௠ାଶ௫

ቁ
ሺ೙ష೔శభሻ೘షమ

మሺ೙ష೔శభሻ  
 

      = 1 െ ቀ ௠
௠ାଶ௫

ቁ
௠

ଶൗ
. 

 
2.3. Generalized Beta 2 Distribution 
 The pdf of this family is given by  
 

  ݂ሺݔ, ,ߙ ,ߚ ሻߤ ൌ ఈିଵݔఈିߚߛߙ ቆ1 ൅ ቀ௫
ఉ

ቁ
ఈ

ቃ
ିሺఊାଵሻ

, ݔ ൐ 0       (2.10) 
 

where ߙ ൐ 0, ߚ ൐ 0 and ߛ ൐ 0 are parameters. 
 
 Proposition 2.3. Let ܺ:Ω ՜ ܴାbe a continuous random variable with cdf F(x) such 
that lim௫՜∞ ఈݔ ሺ1 െ ሻሻ௡ି௜ାଵݔሺܨ ൌ 0. 
 
 The random variable X has the pdf (2.10) for ሺ݊ െ ݅ ൅ 1ሻߛ ൐ 1 if and only if 
 

൫ܧ   ௜ܺ,௡
ఈ ห ௜ܺ,௡ ൐ ൯ = ఉݐ

ഀାሺ௡ି௜ାଵሻఊ௧ഀ

ሺ௡ି௜ାଵሻఊିଵ
 . 



M. Ahsanullah 

 

87

 
Proof: 
 Suppose  
 

,ݔሺܨ   ,ߙ ሻߚ ൌ 1 െ ቀ1 ൅ ቀ௫
ఉ

ቁ
ఈ

ቁ
ିఊ

ݔ, ൐ 0, then 
 

൫ܧ   ௜ܺ,௡
ఈ ห ௜ܺ,௡ ൐ ఈݐ = ൯ݐ ൅

׬ ఈ௫ഀషభ൤ଵାቀೣ
ഁቁ

ഀ
൨

షംሺ೙ష೔శభሻ∞
೟

൤ቀଵା ೟
ഁቁ

ഀ
൨

ሺ೙ష೔శభሻം  

 

and 

    ݃ሺݐ, ݅, ݊ሻ ൌ 
׬ ఈ௫ഀషభ൬ଵାቀೣ

ഁቁ
ഀ

൰
షംሺ೙ష೔శభሻ∞

೟

൤ଵାቀ ೟
ഁቁ

ഀ
൨

షംሺ೙ష೔శభሻ  

 

     = ఉഀ ା௧ഀ

ሺ௡ି௜ାଵሻఊିଵ
 

 
 Suppose 
 

  ݃ሺݐ, ݅, ݊ሻ ൌ ఉഀ ା௧ഀ

ሺ௡ି௜ାଵሻఊିଵ
 

 
then using Theorem 2.1, we obtain 
 

ሻݔሺܨ   ൌ 1 െ ቀ ఉഀ

௫ഀାఉഀቁ
భ

೙ష೔శభ  ݁
ି ׬ ఈ௧ഀషభ ሺ೙ష೔శభሻംషభ

ሺ೙ష೔శభሻሺഁഀశ೟ഀሻ
ೣ

೚ ௗ௧
  

 

         = 1 െ ቀఉഀା௫ഀ

ఉഀ ቁ
ఊ
 

  
2.4. Generalized Pareto Distribution 
 The pdf of this family is as follows 
 

  ݂ሺݔ, ,ߙ ሻߚ ൌ ఉାଵ
ఈ

ሺ1 ൅ ഁ
ሻିሺଶାభݔഀ

ഁሻ, ݔ ൐ 0 ,          (2.11) 
 

where ߙ ൐ ߚ ݀݊ܽ 0 ൐ 0 are parameters. 
 
Proposition 2.4.  
 Let ܺ:Ω ՜ ሾ0,∞ሻ be a continuous random variable with cdf F(x) such that 
lim՜∞ ఈݔ ሺ1 െ ሻሻ௡ି௜ାଵݔሺܨ ൌ 0. The random variable X has pdf (2.11) if and only if  
 

  , ,( | )i n i nE X X t> = t + ఈାఉ௧
ሺ௡ି௜ሻఉା௡ି௜ାଵ

            (2.12) 
 
Proof: 
 Suppose  
 

  F(x) = 1 െ ሺ1 ൅ ఉ
ఈ

ሻିቀଵାభݔ
ഁቁ, then 
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  E൫ ௜ܺ,௡ห ௜ܺ,௡ ൐ ൯ݐ ൌ ݐ ൅
׬ ቀଵାഁ

ഀೣቁ
షሺ೙ష೔శభሻሺభశభ

ഁሻ
ௗ௫∞

೟

ሺଵାഁ
ഀ௧ሻ

షሺ೙ష೔శభሻሺభశభ
ഁሻ

 and 

 

  ݃ሺݐ, ݅, ݊ሻ ൌ
׬ ቀଵାഁ

ഀೣቁ
షሺ೙ష೔శభሻሺభశభ

ഁሻ
ௗ௫∞

೟

ሺଵାഁ
ഀ௧ሻ

షሺ೙ష೔శభሻሺభశభ
ഁሻ

 

 

        = ఈ
ఉ

ቈ భశഁ
ഀ೟

ሺ೙ష೔శభሻሺభశభ
ഁሻషభ

቉ 
 

        ൌ ఈାఉ௧
ሺ௡ି௜ሻఉା௡ି௜ାଵ

. 
 
 Suppose 
 

  ݃ሺݐ, ݅, ݊ሻ = ఈାఉ௧
ሺ௡ି௜ሻఉା௡ି௜ାଵ

 ,  
 

then using Theorem 2.1, we obtain 
 

  0

1 ( ) 1
1 ( 1)( )( ) 1

x n i n i dtn i n i tF x e
x

− β+ − +
−− + − + α+β∫⎛ ⎞α

= − ⎜ ⎟α +β⎝ ⎠
 

 

      = 1 െ ቆ ଵ

ଵାഁ
ഀ௫

ቇ

భ
೙ష೔శభ

ቆ ଵ

ଵାഁ
ഀ௫

ቇ

ሺሺ೙ష೔ሻഁశ೙ష೔శ೔
ሺ೙ష೔శభሻഁ

 
 

     = 1െሺ1 ൅ ఉ
ఈ

ሻିሺଵାభݔ
ഁሻ. 

  
2.5. Pareto of the First Kind Distribution 
 This family has the pdf of the form 
 

  ݂ሺݔ, ,ߙ ሻߚ ൌ ݔ,ሺ௔ାଵሻିݔఈߚߙ ൒  (2.13)             ,ߚ
 

where ߙ ൐ 0, ߚ ൐ 0 are parameters. 
 
Proposition 2.5.  
 Let ܺ:Ω ՜ ሾߚ,∞ሻ be a continuous random variable with cdf F such that  
lim՜௫ ൫1ݔ െ ሻ൯௡ି௜ାଵݔሺܨ ൌ 0. The random variable X has pdf (2.13) for ሺ݊ െ ݅ ൅ 1ሻ 
ܽ ൐ 1 if and only if  
 

  , ,
( 1)( | )

( 1) 1i n i n
n i tE X X t

n i
− + α

> =
− + α −

             (2.14) 

 
Proof: 
 Suppose  
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,ݔሺܨ   ,ߙ ሻߚ ൌ 1 െ ቀ௫
ఉ

ቁ
ିఈ

, then 
 

  

( 1)

, , ( 1)( | )

n i

t

i n i n n i

x dx
E X X t t

t

−α − +
∞

−α − +

⎛ ⎞
⎜ ⎟β⎝ ⎠> = +
⎛ ⎞
⎜ ⎟β⎝ ⎠

∫
  

and 

  ݃ሺݐ, ,ߙ ݅, ݊ሻ ൌ ׬ ሺ௫ሻ∞
೟

షೌሺ೙ష೔శభሻ 
ௗ௫

ሺ௧ሻሻషೌሺ೙ష೔శభሻ  

       = ௧
ሺ௡ି௜ାଵሻ௔ିଵ

 . 
 
 Suppose ݃ሺݐ, ݅, ݊ሻ ൌ ௧

ሺ௡ି௜ାଵሻ௔ିଵ
 , then using Theorem 2.1, we obtain 

 

  

1 ( 1) 1
1 ( 1)( , , )( ) 1

( , , )

x n i
n i n i tg i nF x e

g x i n
β

− + α−
−− + − +∫⎛ ⎞β

= − ⎜ ⎟
⎝ ⎠

 

      =1 x
−α

⎛ ⎞
− ⎜ ⎟β⎝ ⎠

, x>β. 

 
2.6. Power Function Distribution 
 The pdf of this family is given by 
 

  ݂ሺݔ, ሻߙ ൌ ሺ1ߙ െ ,ሻఈିଵݔ 0 ൏ ݔ ൏ 1, where ߙ ൐ 0 is a parameter.    (2.15) 
 
Proposition 2.6.  
 Let ܺ:Ω ՜ ሾ0,1ሿ be a continuous random variable with cdf F(x). Then the random 
variable X has pdf (2.15) if and only if 
 

  , ,
( 1) 1( | )
( 1) 1i n i n
n i tE X X t
n i
− + α +

> =
− + α −

             (2.16) 

 
Proof: 
 Suppose  
 

ሻݔሺܨ   ൌ 1 െ ሺ1 െ  ሻఈ, x> 0, thenݔ
 

  
1 ( 1)

, , ( 1)

(1 )
( | )

(1 )

n i
t

i n i n n i

x dx
E X X t t

t

− + α

− + α

−
> = +

−
∫  

and 

   
1 ( 1)

( 1)

(1 )
( , , )

(1 )

n i
t

n i

x dx
g t i n

t

− + α

− + α

−
=

−
∫  
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       = ଵି௧
ሺ௡ି௜ାଵሻఈାଵ

 
 
 Suppose ݃ሺݐ, ݅, ݊ሻ ൌ ଵି௧

ሺ௡ି௜ାଵሻఈାଵ
, then using Theorem 2.1, we obtain 

 

ሻݔሺܨ   ൌ 1 െ ሺ1 െ xሻି భ
౤ష౟శభ  ݁ି ׬

ሺ೙ష೔శభሻഀశభ
ሺ೙ష೔శభሻሺభష೟ሻௗ௧ೣ

బ ݔ , ൒ 0, 

       

1 ( 1) 1
1 111 (1 )

1

n i
n i n ix

x

− + α+−
− + − +⎛ ⎞= − −⎜ ⎟−⎝ ⎠

  

    

       = 1െሺ1 െ  ሻఈݔ
 
2.7. Weibull Distribution 
 The pdf of this family is given by  
 

  ݂ሺݔ, ,ߙ ሻߚ ൌ ݔఉିଵ ݁ିఈ௫ഁݔߚߙ ൐ 0             (2.17) 
 

where ߚ ൐ 0 is a parameter. 
 
Proposition 2.7.  
 Let [0, )Ω→ ∞ be a continuous random variable with cdf F such that  

1lim (1 ( )) 0,n ix F xα − +
→∞ − =  The random variable X has pdf (2.17) if and only if  

 

  , ,
1( | )

( 1)i n i nE X X t t
n i

β β> = +
− + α

.             (2.18) 

 
Proof: 
 Suppose ܨሺݔሻ ൌ 1 െ ݁ିఈ௫ഁ, then 
 

൫ܧ   ௜ܺ,௡
ఉ ห ௜ܺ,௡ ൐ ൯ݐ ൌ ఉݐ ൅ ׬ ఉ௫ഁషభ௘ಮ

೟
షሺ೙ష೔శభሻഀೣഁ

ௗ௫

௘షሺ೙ష೔శభሻഀ೟ഁ    
and 

  ݃ሺݐ, ݅, ݊ሻ ൌ ׬ ఉ௫ഁషభ௘ಮ
೟

షሺ೙ష೔శభሻഀೣഁ
ௗ௫

௘షሺ೙ష೔శభሻഀ೟ഁ    
 

        = ଵ
ሺ ௡ି௜ାଵሻఈ

 
 

 Suppose ݃ሺݐ, ݅, ݊ሻ=  ଵ
ሺ௡ି௜ାଵሻఈ

 , then using Theorem 2.1 we obtain 
 

ሻݔሺܨ   ൌ 1 െ ݁ି ׬ ఈఉ௧ഁషభೣ
బ ௗ௧ , ݔ ൒ 0,  

 

      ൌ 1െ݁ିఈ௫ഁ. 
 
Remark 2.3. 
 If ߚ ൌ 1, then we have the characterization of the exponential distribution.  If ݅ ൌ 1, 
then we get the proposition 2.5 of Hamedani et al. (2008). 
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