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ABSTRACT

Given paired observations, {(xi,yi);i =1, 2,....,n} on two variables x and y for a

random sample s, from some bivariate non-normal population like bivariate gamma,
beta-stacy which are of much use in modelling data obtained in Physical, Social and Life-
Sciences. This paper considers an improvement of the customary estimator of population
variance. A mixture (i.e. a weighted combination) of the customary estimator of the
variance and a suitably chosen statistic t is proposed. It is also indicated that under some
conditions for a broad range of the values of the mixing constants, the improvement in
the sense of having a smaller mean square error, over the traditional estimator is possible.
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1. INTRODUCTION
In the statistical literature, it is well demonstrated that estimation of variance will be
as important as estimating means, even may be more. Here, in this paper, improved
estimators for population variance csf, of a variable y of bivariate gamma and beta-staey
population have been considered, when we have information on both the variables y and

x available in the form of paired observations {xi,yi} only. The proposed class of
estimators is as follows.

d= 28 + 25, (1.1)

n
where s§ = _Zl(yi —7)2/(n —1) isan unbiased estimator of ci and t is a suitably chosen
1=

statistic based on sample values of x alone or on sample values of both the variables
xandy.

The motivation for the form of the proposed estimators in (1.1) arises from
recognising the fact that in many real life situations, there may exist a functional
relationship between the variables x and y. For example, in Rain-storm, according to
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166 Some improved variance estimators from a bivariate non-normal population

Etoh and Murota (1986), duration x, maximum intensity (y) and total amount z(ax—zyj

have a gamma distribution. It is also observed thaty = n x“.

We discuss some of the situations when a specific t would appear to be more
appropriate than any other t’s. Suppose the scatter diagram reveals approximately a linear
relationship betweeny and x i.e.,

y = a+pX,

then an estimator of ci, can be taken as
& =kss? (say),

and with the choice of at = klsf, the appropriate class would be
d (kl,xz;sf,,si) = M85 +(k§kl)sf = MyS% + 1,55

The choice of a t is motivated by the relationship of the parameter6= ci with

another moment & which is related with the variance cf, through some relationship of

the form c§ = k . Motivating the choice of a t as% , an estimate of & , estimation of cf,
has been considered.

Similarly, if it is expected even distantly, p, ~p, 0r 6, ~ o, Of 6>~ p, Or 6%~ p,
hold in some situations, then in such cases, following choices of t can be suggested.

(Y-%).  ifpy=p,
(si—sf), if 5, =0,
t(ylx): (Si—?), if 6§1px 1.2)
(Si—?), if 62 =,
As an illustration one may observe that for the bivariate gamma population,
f(xy)= rp;qq X" (y-x)"" e, 0<xy<er,a>0, p>0, G>0. (13)

If 0<p, g<1, p+q =1 and p ~ 1 then one would have, (i) o, ~ o, and (ii) p, =~ p,.
Similarly for, a ~ 1, ap ~ 1 together with the condition in (1.3), we would have,
(iii) o®(x)=p, and (iv) *(y)=p, respectively.
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The organization of the paper is as follows. In Section 2, some general results for

estimation of any parameter © have been provided followed by section 3, where in
particular, the problem of estimation of 55 has been considered. In section 4,

improvement over Searles- type estimator has been made through utilization of a pair of
observations {(xi,yi);1,2,...n} for any bivariate population. In Section 5, we have

considered observations as if drawn from a bivariate gamma and a beta-stacy population.
In Section 6, we examine the superiority of the proposed estimators through a real life
data which is supposed to be a realization from a bivariate gamma population.

2. SOME GENERAL RESULTS FOR ESTIMATION
OF ANY PARAMETER 6

Let © be an unbiased estimator for the parameter 0. The generalised Searles
estimator for 6 may be defined as

Ty=2 0, (2.1)

where A, is a suitably chosen constant. We have
M (T,)=6? [xf (1+c2(é))—2x1+1] (2.2)

The natural question arises: For what choice of a A, , the estimator T, is better than 0
and what could be the best choice of A, ? To answer this, we have the following.

Theorem 1:

For T, = klé, the optimum choice of A;, which minimises mean square error of T,
and the minimum mean square error are given respectively by

Mot :1/[1+Cz(é)}
Mo (T;) =672 (8) /[ 1+C*(8) . (23)

A sufficient condition for T, to be better than 0 can be obtained by taking a A, such
that

and

[1+ c, (é)} < <1, (2.4)

where C(zl)(é) (s Cz(é)) is a value known apriori and Cz(é) is the square of

coefficient of variation of 0.
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Proof:
Minimising M (Tl) in (2.2) with respect to A, the results in (2.3) follow. Comparing

M (T) with V (é) it may be shown that T, would be better than © for all A, satisfying

[1—c2 (é)}/[ucz (é)} <, <1,

and hence a sufficient condition as in (2.4) follows.

It is interesting to note that use of C(Zl)(é) for Cz(é) in Ag; still helps T, perform

better than 0 , but the use of C(ZZ) (é) (2 c? (é)) would not preserve this property of T, .

Next we consider the problem of generating estimators better than 0 as well as T
through a class of weighted estimators defined by

where v’=(é,t) and x':(xl,xz),é being an unbiased estimator for 6 and t, being a

suitably chosen statistic such that csf' exists and A, A, being suitably chosen constants.

It may be shown that

M(d) =1 GA—20 Ly +6° (2.6)

E(6%), E(6¢)
E(61), E (?)

To find the estimators better than 6 as well as T, , we have the following.

where,

G= . v =(8,E Q).

Theorem 2:
The optimum value of &, say A, which minimises M(d), the mean square error of d,

would be a solution of
Gl =0y 2.7)
and min MSE , would be

Mo@) =6 1 (6] v,

where, G is a g-inverse of the matrix G.
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Proof:
It follows from (2.6). It can be shown that (2.7) is always consistent i.e., it always
yields a solution A, for A such that

M (d) = Mo (d)+ (A —20)'G(% = 20)) = Mo(d)

Since the matrix G, in general, is a non-negative definite matrix and would be non-
singular, it follows from (2.6) and (2.7) that

Ao =0G lyand My(d) =67 [1—\;/ (G’l)'w].

In case G is a positive definite matrix, & 5=(% g, % o, ) and M, (d) would be given by
. =0 [E(é).E(tz)—E(t).E(té)}/D(é,t);
. gy=0 [E(t).E(éZ).—E(é).E(ét)}/D(é,t) 2.8)

Mo(d)zez[l—{N(é,t)/D(é,t)}] 2.9)
D(é’t) e (62) () (o))

02(EQ)’|(1-p2, Jo2(B)c2@+C?(8)+c* - 205, C(8)c0]: (210)

and

where,

N (8t) =07 (E)’ [CZ (é)—ZpétC(é)C(t)-i—Cz(t)J :
C(t) = Coefficient of Variation of t, and
p 5, = Correlation Coefficient between 0 andt.

However, in practice, A, would not be known, as it may depend upon a number of
parameters, including sometimes, even the parameter 6 itself. Therefore in the absence
of exact knowledge of Ai,, our approach is to improve 0 through a T, and then T,
through an estimator of the type d =T, +A,t by appropriate choice of a constant
depending on A, and a specific t with V(t) <o . This has been possible because of the
following representation of M (d), i.e., M (d) being possible to split itself into M (T, ) as

M(d) =M (T,)+23 E(t?)-21,0 E(t){(l—kl)—klpéytc(é).C(t)} . (2.12)
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The above idea of improving 0 through T, and then T, through a d =T, +A,t can
be implemented through the following.

Theorem 3:
Foragiven A, asin T, an estimator d (%,%, ) would be better than T,

iff A, lies between 0 and 21y, , (2.12)

where,
M =|(1-14)0 E (1)-2,Cov (B.t)] /E(¢?)
=0 E (1) (1-71)~1upy, € (1).C(8)] /E(2)
is the optimum choice of A, for a specific A, in T, .

Proof:
The result follows from (2.11). Obviously, the resulting MSE of d, in this case, would be

Mo(d) =M (T;)-2g3 E(£%).
Therefore, it is noted that © may be improved through T, which, in turn, could be

improved through d, even if 0 is uncorrelated with t.

It may be observed that for a given A, .

hip = O (t)[l—k (t+ps.C(0)c (t))]/E ().

To ensure the non-negatively of the estimator d(xl,xz) for the non-negative
parameter 6, we should avoid taking that t for which

0E(t)>0 and A, (1+péyt.C(é).C(t)) >1,
as, in this case A g, in (2.12) would be negative and d (A1,2,) may also sometimes turn
out to be negative.
A subclass of d, say d(A; =1k, =2))= é+7d2t may be quite interesting in some
situations to generate estimators better than © . Comparing M [d (kl =1k, = Ay )J with
V(é) , a sufficient condition for d (xl =LA, = xz) to be better than © would be either

0 <Ay <2hg, incase py, <0
or
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2hg, <Ay <0 incase p;, >0, (2.13)

where, Ag, =—Cov(é,t)/E(t2). Therefore, for the situation A, =1, one should never

choose a t to be uncorrelated with 0, as for such choices of t, © would be uniformly
better than d (kl =1, = xz) . In practice, in the absence of exact knowledge of Ag,, a

set of sufficient conditions for d (kl =LA, = kz) to be better than © would be
' * 2 2 ;
02y < 29Ky (CE 0/ (1+CEy ) in case py, <0

or
25Ky (c(zl) t)/(1+c) (t))) <25 <0, incase p;, >0. (2.14)

3. SOME GENERAL RESULTS FOR ESTIMATION OF (55,

Let &f, be an unbaised estimator for cf, based on any sampling design and let a
Searles-type estimator be defined as

T, =145, (3.1)

where A, is a suitably chosen constant minimising mean square error of T,. This

optimal estimator T, is an improvement over 8§ , since

V(62)-My (T, )=0?| C?(62 —ﬂ >0,
81 )=t () ey

where C2 (65) is the square of coefficient of variation of &7 .

(3.2)

But the optimum estimator Ty, can never be used in practice, unless the optimum
choice of &, in T;, namely,

hos :17/[1+ c? (&2 )J , (3.3)

is known exactly. However, in the absence of exact knowledge of }Lol,c}i

improved through the estimators of the type(3.1) by choosing a A, such that

can still be

o1
[1+C(21)(o§) }skﬁ 1 (3.4)
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where, C(zl) (65 )(S c? (&f, )) is a value known apriori.

T, in (3.1) with a A, satisfying (3.4) can further be improved through an estimator of
the type
d=T, +A,t, (3.5)
where t is a suitably chosen statistic and A, is a value lying between

0and 2Ag,, (3.6)

XBZ being the optimum choice of A, and given by

Dy = [(l—kl)ciE(t)—klcov(éi,t)}/E(tz). 3.7)
This follows immediately by observing that
M(d) = M (T, )+22E(t?)-22, {(1—xl )cf,E(t)—MCov(&f,,t)} ,

and
Mo (d) =M (d)], . =M(Ty)-AZE(t?). (3.8)

Therefore, the procedure to improve 65, the usual unbiased estimator for G?, would
be as follows:

(i) 65 is first improved through a T; or through the Ty, and then (ii) T; or Ty, is

improved through an estimator of the type in (3.5).

4. IMPROVED ESTIMATORS OF VARIANCES
OF BIVARIATE POPULATION

Let a random sample of size n yield the paired observations {(yi,xi); i=12, n}
and let

T, =S5,
be the Searles - type estimator for cf,. It is found that optimum choice of A; minimising
MSE(Ty) is

7»01=%1

2
with A = Bz(y)+n_—2n+3

(n-1)

B, (y) being the coefficient of Kurtosis of y.
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Let A, = (n/A*), where A” issuch that n<A” <A and T, =;s; be the shrinkage

type estimator for csf, . We now define several estimators for cf, as follows.

:d(kf,kz;sz,i):TI+k2Y (4.1)
2 =d (2, hp15 ) T, +1,82 4.2)
:d(k Aaist )):Tz+x2(s§—s§) (4.3)
=d(x§_1x2, )_s +0,X (4.4)
d(xj_lxz, ) 82 4,82 (4.5)
de:d(kl:1,x2;sy,(sy—sx)):sy+k2(s§—sf) (4.6)

It may be observed that the estimators for the variance

di=%;s5,i=12...,6 (4.7)

due to the Das and Tripathi (1978) are based on the availability of the knowledge on
mean, variance and co-efficient of variation of an auxiliary variate x and A ;'s have been

made to be dependent on the sample estimates as well as on the above parameters. In our
case, in the absence of the exact knowledge on the parameter involved in X, the

optimum choice of A, a useable A has been obtained using the knowledge on some
bounds of the parameter involved in A,and an improved estimator over sf, has been
obtained.

The following proposition exhibits the range of values of 2., such that for a given
value of 2, , the estimators in (4.1) to (4.3) will be improvements over TZ and hence

over si also.

Proposition 4.1:
A set of necessary and sufficient conditions for the estimators in (4.1) to (4.3) to be

better than T, would be that %, lies between 0 and 24, , where,
[(2-23)o3E (%) ~AsCov(s } JE(%2), t=x%
hp = [(1—x’l*)c§E(s )-2iCov(s /E =g

[(1_&)055(33_sf)—xI{V(si)—Cov(sg,sf)H /E(si—si)z, t=s’-s’

(4.8)
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V(55)=G—J{Bz(x>—(”_3)} V(s§)=c—ﬁ{ﬁz<y>—(”‘3)} 49)

Cov(si,?) = %[Hiz (% y)+ui0 (% Y){(N=1)mp (%)

~(n=2)pug (% ¥) =2 (X Y) 1oy (%, ¥) - nciuxﬂ

- %[“LZ(X'V)WX {(n=1)u5 (v)~(n=2)u2 } 203 (x y) 1, ~ o, |

Cov(si,sf):

=

s () (025 (X 9) -2 5 Y,
—(n=2)pny (y)—2uh (X, y)uy —(n=2)p5 (X)uj
+ 4(2—:3%(& Y) bkt +ﬁuﬁ(x, y)

.\ (n-2)(n-3)

(n—l) Hi”‘f{ _nHZ(X)“Z(y):|
and  ppg = E(xrys)

Proof:
It may be noted from (3.8) that M(d) was decomposed as

M(d)= M (T} )+33E(2) - 25, {(1—XI)G§,E(t)—XICOV(8yE(t))}

and hence, the set of necessary and sufficient condition follows.

After routine calculations, one will obtain the above expressions in (4.9); [Please see
Appendix Al.1 to Al.6]

Corollary 4.2:
A set of necessary and sufficient conditions for the estimators in (4.4) to (4.6) to be

better than s§ would be that, the corresponding A, lies between 0 and 2%32 of (4.8)

with AI being replaced by 1 i.e., corresponding A, should lie between 0 and 2x32,
where,
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—Cov 52 x / E

Aoy = —Cov / E f (4.10)

—{V( )Covss /Es—s

This follows from the class defined in (2.13) and also from the expression in (4.8).

Remark 4.3:
i) Neither the optimum estimators in (4.1) to (4.6), nor the intervals of preference

i.e., the interval between 0 and 2\, can be of any practical use, unless the exact

values of the parameters involved in x;z may be known exactly.
ii) In such situations, depending on some prior information on the bounds of the
parameters involved in L, , if available, the interval of preference i.e., the

interval between 0 and 2ig, can be shrinked to the interval 0 and 27\;(21), where

A (s kgz) would be a quantity known apriori.

Therefore in the absence of exact knowledge of A, , a sufficient condition for an
estimator d of the types in (4.1) to (4.6) to be better than TI would be that corresponding
A, should satisfy

0<hy <20Dif 0<ngy <Ay
or 2 <, <0,if A9 <hgy <0.

5. RESULTS FOR SOME BIVARIATE NON-NORMAL POPULATION

5.1 Bivariate Gamma Population:
We study the properties of the proposed estimators for the following bivariate gamma
population due to MC-Kay,

f(xy)=

we obtain, from Appendix A2.1

aP+a

I'plq

xP(y - x)q_1 e, 0<x<y<ox,(a p,g>0) (5.1.1)

B(r+p,q)C(s+q+r+p) .

e e

Hence, p, = p/a,p, (X p/a s (x)=2p/a’,p, (x)=3p(p+2)/a’;

=(p+Q)/a,uz(y)=(p+Q)/a2
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na(y)=2(p+a)/a* ua(y)=3(p+a)(p+a+2)/a*;

E(Yz)z p(1+p)/a?;Cov(X,y)= p/na’ ;Cov(sf,,i) =2p/na’ (5.1.2)

Cov(sf,,i)=2(p+q)/na3;[32(x)=3(p+2)/p;B2(y)=3(p+q+2)/(p+q)

1 n 2p(p+3
Cov(sﬁ,sf):g{zp{_}r(;p}:#;

For n such that Ll~_1 and n—+i: 1, we have,
n -

v(s§): Z(qu){(mq)n(lrlljw} Z(Eiq)(5+q+3);
V(sf):%{p(ﬁ}ﬁ}:% (5.1.3)
E(sxz)2 :%H:iig np+6}=%[np+6];

E(s§)2 = (F:];q)ﬁ:j;n(p+q)+6}: :;q [n(p+q)+6].

Proposition 5.1.1.

For bivariate gamma population as in 5.1.1, 0< p,q <1,L: 1, n+l

~1, a set of
n-1 n-1

necessary and sufficient conditions for the estimators in (4.1) to (4.3) to be better than TI

for a specified XI and hence, than s§ also would be that the corresponding A, lies

between 0 and 2, , where,

[(1—7€)(D+Q)—(27»I/n)], for d; (5.1.4)
a(p+ij
Aoz = 16 [(p+q)—x1‘{(p+q)+2(p+3)}], for d, (5.1.5)
[») ”
[(p+q)—73{ {(p+q)+6}}/(q+6), for d, (5.1.6)

where 6=2(2p+q+3)/n
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Proof:
From (4.8), (4.9), (5.1.2), (5.1.3) and Appendix [A2.3], the result follows.

Corollary 5.1.2.
From (5.1.4), (5.1.5) and (5.1.6), it follows that a set of necessary and sufficient

conditions for the estimators in (4.4) to (4.6) to be better than TI as well as sf, would be

that corresponding A, should lie between 0 and 2, , where

-2/a(np+1), for d,
Aoy = 1-2(p+3)/(np+6),  for ds (5.1.7)
-0/(q+9), for dg

Thus, in the absence of exact knowledge on the parameters p,q, but depending on
some bounds (p <p® g< q(z)) , a set of sufficient conditions for estimators in (4.4) to

(4.6) to be better than TI can be obtained.

Corollary 5.1.3.

One can observe that Ay, ’s in (5.1.4), (5.1.5) and (5.1.6) will be greater than 0 if
* 2 3 *

2 Xl* , n> (p ) kl*and n>
(P+a) (1-2;) (p+a) 1-2

respective values of n is such that n>

2(2p+q+3) A

(p+q) '@—xﬂ

Thus a set of sufficient conditions for the estimators in (4.1) to (4.3) to be better than
T; would be that corresponding 2, should lie between 0 < 4, < 22,5, where A% can

respectively.

be obtained from Ay, on the basis of some bounds on the parameters p,q,a in the absence
of them knowing exactly.

Corollary 5.1.4:
For some bivariate gamma populations with (p+q)=1(0<p,q<1), a set of
necessary and sufficient conditions for the estimators in (4.1) to (4.3) to be better than TI

would be that corresponding %, should lie between 0 and 2\, , where,
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o2

Moo = 1 [1—%{(1+2(p+3)j], ford, (5.1.8)

{1—& {1+MH /{Z(Zp;q”’)m} ford,

Proposition 5.1.5:
Let the terms n/(n-1) and (n+1)/(n-1) be replaced by unity and the bivariate gamma
population as in (5.1.1) be considered. If p+g=1, and 0< p,q <1 , then we have,

Mo (d)= Mo (d,) = Mo (d3).

Proof:
From (3.8) and (4.8) and under the conditions of the proposition, we obtain
1-22) 1-2)
(xgz)z E(x) =ﬁ£(i)2 =%., for d,
1-% 1-22)
[ (15)-Mo(d) - (r5) E(2) =(T1).E(s§)2 :%, for d,
1-x) 1)
(xgz).E(si—si)Z:((l_ ;))2 .E(sg—sf)z :( a"l) ,  ford,

Hence the result follows.

5.2 Beta-Stacy population:
We consider the observations {(xi,yi);i=1, 2,....,n} as if drawn from beta-stacy

population and study the properties of the proposed estimators of Gf, for this population;

Y
f (x, y) _ YXp_l(y— X)q—l yk—v—(p+q) exp{_[%j } /Byk Fk.B( D, q) , (5.2.1)

O<x<y<o,>0,y>0k>0,p>0,q>0
We obtain, from Appendix (A2.4),
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B(r+p,q) BT (r+s+yk)/y
W (xy)=E(x"y*)= . (5.2.2)
) =B (XY= T
Now, for Beta-stacy population with yzl,%; 1, %; 1, we have the
followings:
p
Hy =KB; py [p+q] p

Mz(y): kp?; Hz(x)

:BZ"('(H)D{ p+1 _( k j p } Bk’ pg
(p+q+1) | p+g+1 \k+1) p+q ]|~ (p+q)2(p+q+l)’
2pq(q- p)k°p’

HaY) =28 k()= (a+p)° (p+q+1)(p+q+2)

g (y)=3k(k+2)p*.

Now for the population with p+q=1, y = 1, %; 1 and %: 1, we have
k4 4
e (x) =23 (2-5pg)
KB*pa(, 5 |0+qj2 p—qu 1 5
> 2——||vpqg=|—| -|— | £=..-5pg=>—— 523
8 4 P 2 2 4 b 4 ( )
>0
k(k+2
B, (y)=3. ( > );3,
k
2-5pq 1 5
po() -2,
2pq pq 2

£ (%)= B?k’p[q+np(p+q)+np]
n(p+q)2(p+q+1)

:%[(Pw)ﬂm_l) )= szzp[1+2£]2n_1) p]’
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Cov(si,?) = _[p—EquZBS — _pk?p® <0,

Cov(sz,si):— B pa
’ (p+a)’(p+q+1)

o] (5] ),

Cov(X,¥) = %'[p_iqj'ﬁzk - %sz ,

2\ _ 2% 2y BK*(pa)’[2-5pg n-3
V(Sy)_(n—l)'v(sx)_ 4n 2pqg  n-1]

2
2\2 _q2p2 N+l 000, 2 2_B4k4(pQ) 2-5pq n%-2n+3
E(Sy) =Pk n-1 Bk E(Sx) a 4n 2pq " n-1 '

Remarks:

It may be noted that in the bivariate gamma population, ‘p,(y)’ depends on the
parameters of the ‘x* distribution, so improvement may be possible. However, for the
bivariate beta-stacy distribution ‘p,(y)’ does not depend on the parameters of the ‘X’

2
y

(Johnson and Kotz (1972). However, if the roles of x and y are changed then it would
make sense.

distribution, so a minimum variance unbiased estimators of o is available in this case

The following proposition provides the range of values of %, for bivariate beta-stacy
population which, when imputed, to the proposed estimators makes them improved over
T; as well as over the usual estimator s .

Proposition 5.2.1:

Let the terms [%} and [%) be replaced by unity and the bivariate beta-staey

population as in (5.2.1) be considered. Let & =kpq . If p+q = 1, then for large n, a set of
necessary and sufficient conditions for estimators in (4.1) to (4.4) to be better than TI
and hence than s§ would be that the corresponding A, should lie between 0 and 2\, ,
where,
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B/p, for t=X
Mgy =1218, for t=sZ

[(1—7{)—6}/(%62), for t:(si—sﬁ)

Proof:

The proposition follows from (4.8), (4.9), (5.2.3) and Appendix A2.6

6. NUMERICAL ILLUSTRATION

Table 24.53 from page 354 of the Book by Hutchinson and Lai (1990) have been
used. X in the above table is our Y and their Y is our X. Assuming the bivariate data
arising from bivariate gamma population, relative efficiencies of T; and d;'s(i =1,2,3)
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in 5.1.4 to 5.1.6 over sf, have been computed and presented in Table 6.2. Rain volumes

from clouds which were seeded (y) and matched clouds (x) which were not, are given in

the following table.

Let

Table 6.1:
Rain volumes from seeded () and unseeded clouds (X).
Trials 1-5 Trials 6-10 Trials 11-16
X Y X y X Y
26.1 129.6 0.0 302.8 68.5 200.7
26.3 314 17.3 119.0 81.2 274.7
87.0 2349.6 24.4 4.1 97.3 261.7
95.0 489.1 11.5 92.4 28.6 7.7
3724 430.0 321.2 17.5 830.1 1606.0
345.5 978.0

On computation, we have,
n, = 455.64, u, = 152.03, o =548321.99, o = 48056.05

a=p,/c? =.00316, p+q=y,a= 144,

p = au, = 480399, q= 9596601,
B2 (y)=7.1666, c*(s) ) = 0.63889, A =14.71205,

n=10,and let A] =1, = % =0.6797 . Now, we have,

Mo (Ti') = 1.172051201 x 10"

V(s )= 1920867537 x 10"
M, (dy) = 1.163236471 x 10

Mo (d,)
My (ds)

0

= 1.172043839 x 101
= 1.169916504 x 10*.
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Table 6.2:
Percentage Relative Efficiency of Ty, d;(i = 1,2,3) over sf, :

[v(s§)/Mo(Tf)]x100 [v(s§)/|v|0(dl)}x100 [v(s§)/|v|0(d2)}x100 [V (52)/Mq(da) |00

163.88% 165.13% 163.89% 164.18%
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APPENDIX Al:

A.1.1: Let p =y, and for simplicity, u ,(x)(r =1,2,3,4) be written as p , ;

E(sf)zzl{u;l_4u'3“'l_w c 2, (0=2)(n-3) -4+n2—2n+3 .2}

H n-1) Mol (n—1) H (n—1) K2

L
n

2M-2)(n-3) + » (-2)(n-3) 4, n*-2n+3
—(n—l) Mol + (-1 Ryt (n-1) Hz}

{H4_6H'2Hi2+3ﬂi4_

oy 2(n?-2n+3)
S 202D |

ALZV@S=H§f4a§w=%§Fﬁ

M)
_T{BZ_ (n—l)}

AL3: COV(¥,7)=E(Y,V)—E(i)-E(V)=n%E{Z Xyi+¥ ¥ xiyj}—uxuy
i#]

1
n2
p-GyGy

n

[nugn-Du,uy -,
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A.14: Cov(s:,y)=E(s;.¥)—E(s5).E(Y)

Now, E(3§-7)=E{(n—l_l)il (yi—vﬂ [%zl yij
S+ YWY,

_ 1 4 2_ i i#] 4 .
. 2 o (.Zl y.j

=2 [ -3 i- (-2 ]

Therefore,

T . .
COV(SiyY)ZH[H3+(n—3)H2“1‘(”‘2)H13]_Giuy

1 ' © U3
—H[Hﬁ”“z“l}—“zul—?-

A.15: Cov(s;,X)=E(s;.X)~E(s5).E(X)

Now, E(s?.i):|{n(nl_1)__il (yi—V)Z(% xiﬂ

2 ViV

n

L_g[ (D e m 1Y

" n(n-1) n ia n i1

183

- %[uiz(X, Y)+ ko y){(n ~1) i go(% ¥) —(N=2)u Ga(x, y)} —2045(%, V)1 g (X, y)J

Therefore,

Cov(s2,X)== ‘ | '
N 20 ) (% Y) — (V)20

Cov(sﬁ,i— 7) = Cov(sf,,f)—Cov(sf,,V)

Cov(si,sf —si): Cov(si,si)—v (sf,)

2 _ 4 _
v (sh = 1) {B - ((:_f)’} %y [B 2—”—3}

1 [u'lz(x, )+ 006 Y{ (1 =Dit g0, Y) = (=D )}

|
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n2-2n+ 3) Y , ,
WH 200X, Y) =4 30(X, Y) 1 10(X, Y)

DO+ 2D

E(Sf)z :% Hao(X, )+

o(X,y)

A.16: Cov(s;,s;) =E(s;.s5)—E(s))-E(s])

= {ml_zl (y; - y)? ma (X; —X)} Ho(Y) 1 (%)

1
+n_{4 Z Yi X ijk+22 X; y|XJyJ+Z y|ijkxl}:|_l’l2(y)“2(x)
i j#k

W FLICE R oY)

—ﬁ{ZuiZ(x, y)n(n—1) p (X, y)}

#n(N=1)(N =2 oo (% VI (% V)| - {2106 V)X V)N =D)

_ 1
n?(n-1)
#n(n=1)(n =2 5006 Y 2% Y)}

+m{4“(” ~1)(1=2) 13206 V)R 300 V)1 16, Y)

+20(n =D (% Y) + (=1 (1= 2) (1= G0 V)1 506 V)|~ 12k o)

=%[u 2o (% Y) + (M=) 1 50(X, V) 1t 6o (X, Y) = 200 1o (X, Y) 1t 30(X, Y)

~(N=2) 155 (X, V) 1 gp (X, Y) = 21 50 (X, V) 1 g (X, Y)
(=2 ko0 (X V)20 (X V)G (X, Y)

+4( ij}ln(x Y)Mlo (x, y)M01(X y)+——r Hn(x y)

2
(n-1)

2

L2209 | oy ()] - 030

(n-1)
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APPENDIX A2.1:

Calculation of moments of different order of bivariate gamma distribution. We have,

q-1
s (03) =y 12 ey

_a I (r+p) T(s+q+r+p)
Ip T(p+q+r) ’

FPF q

Hence, relating p; ¢ (x,y) with p, ¢ (x,y), we have,

P«l(x):l'llo(x Y)_p/a' Hl( )_Ho,l(x7y)=(p+Q)/a

o (X)=poo (X y)= p/a Ha(y)= uoyz(x,y):(p+q)/a2
(X)=n30(xy)=2p/a>; w3 (y) =noz(xy)=2(p+a)/a’
(

4 X):MA,O(X!Y):—3p(p4+2); P-A(y):l'lOA(X,y):3(p+q)(f+q+2)

1(xy)=p(p+a+1)/a?

(p+q+2)(p+1) p/a3
(p+q+2)(p+q+1) p/a3
(p+q+3)(p+2)(p+1)p/a’
(p+q+3)(p+q+2)(p+q+1)p/a*
(p+1)p(p+q+3)(p+g+2)/a’

M3

=

=

X,

-:

1
2(X
(

X,

=

E

1

y
y
y
3(Xy

2(%

=

'
1
'
2
'
1
'
3,
'
1
'
2

)
)
)
)=
y)=

-:

APPENDIX A2.2:
Calculations of Cov(si,t) for t =s2,X,y under the assumption of

(i) Cov(sf,,sf)=$[p(p+1)(p+q+2)(p+q+3)+(n—1)p(p+1).
(p+9)(p+q+1)-2p*(p+q+1)(p+q+2)

— (n=2)p*(p+a)(p+a+1)-2p(p+1)(p+q)(p+q+2)

_ (n—2)p(p+1)(p+q)2+4(2;_ij p*(p+q)(p+q+1)

+ ﬁpZ(p+q+1)2+%pz(p+q)z_np(p+q) ]
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(iii) Cov(s§,7): 2(p+a) ;

(iv) Cov(X, ) =#,
3(p+2
W) By ()= 22+2)
3 2
vi) Bz(y)=({)+1;))'
(vii)V(sf)=%{2p(ﬁ)+6}:%:3);

- na*

(viii)V(si):%{(mq)(ﬁ}d} 2(p+q)(p+q+3);

(ix) E(s7) :%H:fg .np+6}: Le(m+6);

APPENDIX A2.3:
Calculation of A, ’s for different t’s (t =X,s;,5; - sf) :
Case1: t=X:
XBZ=[(1—%I)G§E(t)—XICov(5§,Y)J JE(%%)
) p[(l—ki’)(pw)—zﬂ .
@ p[rl]+ pj
_[2-)(pra)-(224/n)
ax(iJr pJ

Thus, for the bivariate gamma population with p+q =1, we have,
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Aoy = _1 l—ﬁ(n +2a)
a(p+1)|a na

{1—76{ (1+2aﬂ
-_— n .
(o)
n
and for large n (n — o), we have,

ey = (1—7&{) /ap (A23.1)

It may be noted that,

Age >0, or <0 according as n>L.L*, <2, kl* :
p+q (1-xl) p+q (1-x1)

Hence, a set of sufficient conditions for d; to be better than A; for all bivariate gamma
population with p+q =1, would be that

. . A
0<h, <2u® <207, for, n> —
2 02 02 p+q (1_7\;)
. A
or 29 <2, <0, for, n<i.—1*
p+d (1-2)

where, Kg(zl):(l‘kz)/ 280 Ay sa [ p+l<?
Case 2:t=s];
o [ (113 ot -icon(s 1) s
:ﬁwp+q>—xz{n<p+q>+2<p+3>}]

Thus, for bivariate gamma population with p+q =1, we have,

Ao =[n—7§£(n+2(p+3))]/n(p+i),

oo
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which, for large n i.e. n — o, becomes,

Ao =(1-21) / p>0. (A23.2)
Hence, a set of sufficient conditions for d, to be better than A; would be,

0<h, <209

Case 3: t:(si—sf);

Thus, for the bivariate gamma populations with p+q=1 and for large n, (n - o), we
have,

{_ I +2(2p:q+3) }

n

(A23.3)

A 2(2p+q+3)
(1-21) n
be better than T} would be

Clearly, Ay, >0, if n>

and hence a sufficient condition for d;to

0<h, <209,

where, kg(zl) is any known quantity depending on some bounds on the parameters
involved.

It may be observed that, for n —oc,

xgi.E(sf)z :(1—x’1*)2/a4
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r2E(s-s2) =(1-n1) /at
and xg%.E(YZ):(l—kI)Z/a"'
APPENDIX A2.4.

Calculation of moments of different orders of Beta-Stacy population, (5.2.1). We have,

B( + P, q) E(yr+s),

Hrs (%) = B(p.q)

where,

( r+s) Zywsf( )

Xp_l()(l) 7k vy
= 4 = Ly expy—| = | pdx
AL e el (1]

B IkB( p,q)

Y
= | v-yy“k“‘1(1—U)q_1exp{_(;j }dy/ﬁ " TkB(p.a)
O<u<l

= y.yyk‘le_(g /ﬂk rk, y>0

Therefore,

and,

f(y)=

Iwr+5+vk -1 (gjy dy

E (yr+s ) BYka

prstik (r + S+yk)/y
BTk

Hence,
. B(r+p,q) B T((r+s+vk)/y)
() 2B R) BT s k)
B(p.q) Tk
Now, for beta-staey distribution with y =1, we have, finally,

B(r+p.q) B r+s+k
B(p.0) Ik

Hrs(Xy)= (A.2.4.1)
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APPENDIX A2.5:

Computation of Cov(si,t) for different choices of t.
From A.2.4.1, we have,

i, (xy)= (p+q) *k(k+1)(k +2)
: p(P+l)
o (X, y)= o )(p+q+1)B k(k+1)(k+2) (A.25.1)

ma(xy)= (piq)ﬁzk(k +1)

p(p+1)
p+a)(p+q+1)

u’zyz(x,y)z( Bk (k+1)(k+2)(k +3).

() Cov(s},%) =~z (x ¥+ {(n -1 () ~(n-2)1}

2073 (%, )1y —nojuy |

:%H P Jk(k+1)(k+2)ﬁ3 (p }kﬁ{( 1)k (k+1)~(n-2)k’p?|

p+q

- 2(];E?iJk(k-+1)B2kB np k[ - j kp }
[eap it fea(2 a2
%(pqu(_E}kB {kzl‘lad-KEg_l}
= (p_iq]kzw (A.2.5.2)

(k+1) | (k+2) and (k+3)
k k k
we have the followings:

S|

Let the terms

be replaced by unity, then from A.2.5.1,

p(p+1)
(p+a)(p+a+1)

@ nyp(xy)=pk*
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B'k*p(p+1)
p+q)(p+a+1)

(b) u'z(X)-u’z(y)=(

2
©) o (X Y)py = B4k4-(LJ

p+q
, ~ B'k*p(p+1)
(d) HZ,l(X’ y)l’ly - (p+q)(p+q+1) (A253)
2
/ 2 _pb4pd| P
) wy(y)ux =Bk [pHJ
' 2 _ B4k4p(p+l)
(f) MZ(X)“y - (p+q)(p+q+l)
2
(@) 111 (% Y)bekty =B4k4-(p—%j
2
(mmﬂxw=wwfﬁij
2
(ou%@=ww{ilj
p+q
; . — 4K4 Pq
)] HZ(X)HZ(Y) B [k(p+q)2(p+q+1)]
(ii) Cov(si,sf):%[p'zyz(x, y)+(n=1)uy (x) 5 (y)
— 200, (% V)i —(n=2)uiut (¥) = 2055 (%, V) 1y
2
= (n=2)uy (x)ny +4((r:]_1)) Mg (% Y)-hchy
-2)(n-3
(55 Jeen 2 - ()
Substituting the values from (A.2.5.3), we have,
Cov(s§ 82 ) =— B’ pa (A.2.5.4)

(p+a)*(p+q+1)

(i) Cov(s?.7) :@:@> 0
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i) con(x,) =BV 2 ), |

o]

( P j.ﬁzk.
p+q

S|

APPENDIX A2.6:

Computation of Ay, for different choices of t

Case 1: t=X;
Dy :[(1—KI)cf,E(Y)—kiCov(si,Y)}/E(%z)

k?B*p/(p+q)

et

when p+q=1, we have

- 1 1
Agp =2B/| =+ 2-= ,
02 E/{n [ njp}
which, for large n, i.e. for n —»oc becomes,

hoa =(B/p)>0

Case2: t=s2 ;
v =[ (1223 -ricov(s ) (s

B*k*pa/(p+q)’ (p+a-+1)

2
Bk (pa)’ 2—5pq+( nJ

4 2npq 1_&
n

which, for p+q =1 and for large n, i.e. for n —»o«c we have

Ao :§> 0, where &= kpq.
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Case3: t=(s -5} );

[} 0 ot ricovfst 5 -5t
02 E(55_55)2
— (1 2"\ kr2 Vil kpq s 28°K? %3 pg
Numerator = (1-2; ) k§?) [1 (p+q)2(p+q+1)] kl{(”—1)+(p+q)2(p+q+1)}

— k24| (127 _ kpg
kB [(1 7»1) (p+q)2(p+q+1)]
(

Denominator = V (s§)+v (Sf)—ZCov(sﬁ,sf)+ o5 - )2

_2p*%®  p*k*pq 2—5pq_(n—3j B, 44(_|@_qu
_(n—l)Jr 4n 2pq n-1 ¥ 4 {1 (p q)}+Bk ! 2

Assuming n—_i: 1, we have,
n_

2 2
E(si—sf) =k*p* x {terms containing (%)+kpq+(l—kp7qj }

2

2 2
y—sx) becomes

and for large n, i.e. for n > E(s
k2p2q2
2 2\ _ 204
E(sy—sz)= KB {1+—4
Thus, for p+q=1 and for large n, we have,

k2p* [(1—&)—""“}
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