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ABSTRACT 
 

 Given paired observations, { }( , ); 1, 2,....,i ix y i n=  on two variables x and y for a 
random sample s, from some bivariate non-normal population like bivariate gamma,  
beta-stacy which are of much use in modelling data obtained in Physical, Social and Life-
Sciences. This paper considers an improvement of the customary estimator of population 
variance. A mixture (i.e. a weighted combination) of the customary estimator of the 
variance and a suitably chosen statistic t is proposed. It is also indicated that under some 
conditions for a broad range of the values of the mixing constants, the improvement in 
the sense of having a smaller mean square error, over the traditional estimator is possible.   
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1. INTRODUCTION 
 

 In the statistical literature, it is well demonstrated that estimation of variance will be 
as important as estimating means, even may be more. Here, in this paper, improved 
estimators for population variance 2

yσ  of a variable y of bivariate gamma and beta-staey 
population have been considered, when we have information on both the variables y and 
x available in the form of paired observations { },i ix y  only. The proposed class of 
estimators is as follows. 
 

  d = 2
1 2ys tλ + λ ,                  (1.1) 

where ( ) ( )22

1
1

n

y ii
s y y n

=
= Σ − −   is an unbiased estimator of 2

yσ  and t is a suitably chosen 

statistic based on sample values of x alone or on sample values of both the variables  
x and y. 
 

 The motivation for the form of the proposed estimators in (1.1) arises from 
recognising the fact that in many real life situations, there may exist a functional 
relationship between the variables x and y. For example, in Rain-storm, according to  
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Etoh and Murota (1986), duration x, maximum intensity (y) and total amount z
2
xy⎛ ⎞α⎜ ⎟

⎝ ⎠
  

have a gamma distribution. It is also observed that y = xαη . 
 

 We discuss some of the situations when a specific t would appear to be more 
appropriate than any other t’s. Suppose the scatter diagram reveals approximately a linear 
relationship between y and x i.e., 
 

  y = ,xα +β   
 

then an estimator of 2 ,yσ can be taken as 
 

  2 2
1ˆ y xk sσ =  (say), 

 

and with the choice of a t = 2
1 ,xk s  the appropriate class would be  

 

  d ( )2 2
1 2, ; ,y xs sλ λ = ( )2 * 2

1 2 1y xs k sλ + λ = 2 2
1 2 .y xs sλ + λ  

 

 The choice of a t is motivated by the relationship of the parameter θ= 2
yσ  with 

another moment ξ  which is related with the variance 2
yσ  through some relationship of 

the form 2
yσ  = k ξ . Motivating the choice of a t as ξ̂ , an estimate of ξ , estimation of 2

yσ  
has been considered. 
 

 Similarly, if it is expected even distantly, yμ ~ xμ or yσ ~ xσ  or 2
yσ ~ xμ  or 2

xσ ~ xμ  
hold in some situations, then in such cases, following choices of t can be suggested. 
 

  ( ),t y x = 

( )

( )
( )
( )

2 2

2 2

2 2

,

,

,

,

y x

y x y x

y y x

x x x

y x if

s s if

s x if

s x if

⎧ − μ −μ
⎪
⎪ − σ −σ
⎪
⎨

− σ −μ⎪
⎪
⎪ − σ −μ⎩

�

�

�

�

                                                (1.2) 

 

 As an illustration one may observe that for the bivariate gamma population, 
 

  ( ),f x y = ( ) 11 ,
p q

qp aya x y x e
p q

+
−− −−

Γ Γ
 0<x<y<∝ , a>0, p>0, q>0.    (1.3) 

 If 0<p, q<1, p+q = 1 and p ~ 1 then one would have, (i) yσ ~ xσ  and (ii) yμ ~ xμ . 
Similarly for, a ~ 1, ap ~ 1 together with the condition in (1.3), we would have,  
(iii) ( )2

xxσ = μ and (iv) ( )2
yyσ = μ respectively. 
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 The organization of the paper is as follows. In Section 2, some general results for 
estimation of any parameter θ  have been provided followed by section 3, where in 
particular, the problem of estimation of 2

yσ  has been considered. In section 4, 
improvement over Searles- type estimator has been made through utilization of a pair of 
observations ( ){ }, ; 1, 2,i ix y n…  for any bivariate population. In Section 5, we have 
considered observations as if drawn from a bivariate gamma and a beta-stacy population. 
In Section 6, we examine the superiority of the proposed estimators through a real life 
data which is supposed to be a realization from a bivariate gamma population. 
 

2. SOME GENERAL RESULTS FOR ESTIMATION  
OF ANY PARAMETER θ  

 

 Let θ̂  be an unbiased estimator for the parameter θ . The generalised Searles 
estimator for θ  may be defined as 
 

  1 1
ˆ T = λ θ ,                   (2.1) 

 

where 1λ is a suitably chosen constant. We have 
 

  ( ) ( )( )2 2 2
1 1 1

ˆ  1 2 1M T C⎡ ⎤= θ λ + θ − λ +⎢ ⎥⎣ ⎦
.          (2.2) 

 

 The natural question arises: For what choice of a 1λ , the estimator 1T  is better than θ̂  
and what could be the best choice of 1λ ? To answer this, we have the following. 
 
Theorem 1:  
 For 1 1

ˆT = λ θ , the optimum choice of 1λ , which minimises mean square error of 1T  
and the minimum mean square error are given respectively by  
 

  ( )2
01

ˆ1 1 C⎡ ⎤λ = + θ⎢ ⎥⎣ ⎦
 

and    

  ( ) ( ) ( )2 2 2
0 1

ˆ ˆ. 1M T C C⎡ ⎤= θ θ + θ⎢ ⎥⎣ ⎦
.            (2.3) 

 

 A sufficient condition for 1T  to be better than θ̂  can be obtained by taking a 1λ  such 
that 
 

  ( ) 1
2
(1) 1

ˆ1 1C
−

⎡ ⎤+ θ ≤ λ <⎢ ⎥⎣ ⎦
,               (2.4) 

 

where ( ) ( )( )2 2
(1)

ˆ ˆ C Cθ ≤ θ  is a value known apriori and ( )2 ˆC θ  is the square of 

coefficient of variation of θ̂ . 
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Proof:  
 Minimising ( )1M T  in (2.2) with respect to 1λ , the results in (2.3) follow. Comparing 

( )1M T  with ( )ˆV θ , it may be shown that 1T  would be better than θ̂  for all 1λ  satisfying  
 

  ( ) ( )2 2
1

ˆ ˆ1  1  1C C⎡ ⎤ ⎡ ⎤− θ + θ ≤ λ <⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
, 

 

and hence a sufficient condition as in (2.4) follows.  
 

 It is interesting to note that use of ( )2
(1)

ˆC θ  for ( )2 ˆC θ  in 01λ  still helps 1T  perform 

better than θ̂ , but the use of ( )2
(2)

ˆC θ  ( )( )2 ˆ C≥ θ  would not preserve this property of 1T . 
 

 Next we consider the problem of generating estimators better than θ̂  as well as 1T  
through a class of weighted estimators defined by 
 

  ( ) { }1 2 , :  d d d v′λ λ = = λ ,              (2.5) 
 

where ( )ˆ,v t′ = θ  and ( )1 2
ˆ, ,′λ = λ λ θ  being an unbiased estimator for θ and t, being a 

suitably chosen statistic such that 2
tσ  exists and 1 2,λ λ  being suitably chosen constants. 

 

 It may be shown that 
 

  2( )  2  M d G′ ′= λ λ − θ λ ψ + θ              (2.6) 
 

where, 

  
( ) ( )
( ) ( )

( )
2

2

ˆ ˆ ,       
;        ,  ( )

ˆ   ,      

E E t
G E t

E t E t

⎛ ⎞θ θ⎜ ⎟ ′= ψ = θ⎜ ⎟
θ⎜ ⎟

⎝ ⎠

. 

 

 To find the estimators better than θ̂  as well as 1T , we have the following. 
 
Theorem 2:  
 The optimum value of λ , say 0λ  which minimises M(d), the mean square error of d, 
would be a solution of   
 

  0Gλ = θψ                   (2.7) 
 

and min MSE , would be 
 

  ( )2
0 ( ) 1  M d G

′⎡ ⎤′= θ −ψ ψ⎢ ⎥⎣ ⎦
,  

 

where, G  is a g-inverse of the matrix G. 
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Proof:  
 It follows from (2.6). It can be shown that (2.7) is always consistent i.e., it always 
yields a solution 0λ  for λ  such that 
 

  0 0 0 0( ) ( ) ( ) ( )) ( )M d M d G M d′= + λ −λ λ −λ ≥ . 
 

 Since the matrix G, in general, is a non-negative definite matrix and would be non-
singular, it follows from (2.6) and (2.7) that 
 

  1
0  G−λ = θ ψ and 2 1

0 ( )   1  ( )M d G−⎡ ⎤′ ′= θ −ψ ψ⎣ ⎦ .  
 

 In case G is a positive definite matrix, ( )'0 01 02,λ = λ λ and 0 ( )M d would be given by  
 

  ( ) ( ) ( ) ( )2
01

ˆ ˆ ˆ. ( ). ,E E t E t E t D t⎡ ⎤λ =θ θ − θ θ⎢ ⎥⎣ ⎦
;  

  ( ) ( ) ( ) ( )2
02

ˆ ˆ ˆ ˆ( ). . . ,E t E E E t D t⎡ ⎤λ =θ θ − θ θ θ⎢ ⎥⎣ ⎦
        (2.8) 

and  

  ( ) ( ){ }2
0

ˆ ˆ( ) 1 , ,M d N t D t⎡ ⎤= θ − θ θ⎢ ⎥⎣ ⎦
,           (2.9) 

where,  

  ( ) ( ) ( ) ( )( )22 2ˆ ˆ ˆ,D t E E t E tθ = θ − θ  

   = ( ) ( ) ( ) ( ) ( )22 2 2 2 2 2
ˆ ˆ, ,

ˆ ˆ ˆ( ) 1 ( ) ( ) 2 ( )t tE t C C t C C t C C tθ θ
⎡ ⎤θ −ρ θ + θ + − ρ θ⎢ ⎥⎣ ⎦

; (2.10) 
 

  ( ) ( ) ( ) ( )22 2 2
ˆ ,

ˆ ˆ ˆ( ) 2 ( ) ( )tN t E t C C C t C tθ
⎡ ⎤θ = θ θ − ρ θ +⎢ ⎥⎣ ⎦

; 
 

  ( )C t = Coefficient of Variation of t, and  
 

  ˆ ,tθρ = Correlation Coefficient between θ̂  and t . 
 

 However, in practice, 0λ  would not be known, as it may depend upon a number of 
parameters, including sometimes, even the parameter θ  itself. Therefore in the absence 
of exact knowledge of 0λ , our approach is to improve θ̂  through a 1T  and then 1T  
through an estimator of the type 1 2d T t= + λ  by appropriate choice of a constant 
depending on 1λ and a specific t with ( )V t < ∞ . This has been possible because of the 
following representation of M (d), i.e., M (d) being possible to split itself into M ( 1T ) as 
 

  ( ) ( ) ( ) ( ){ }2 2
ˆ1 2 2 1 1 ,

ˆ( )  2  ( ) 1 . ( )tM d M T E t E t C C tθ= + λ − λ θ −λ −λ ρ θ .   (2.11) 
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 The above idea of improving θ̂  through 1T  and then 1T  through a 1 2d T t= + λ  can 
be implemented through the following. 
 
Theorem 3:  
 For a given 1λ  as in 1T , an estimator ( )1 2,d λ λ would be better than 1T , 
 

  iff 2λ lies between 0 and *
022λ ,             (2.12)  

 

where, 

  ( ) ( ) ( ) ( )* 2
02 1 1

ˆ1    ,E t Cov t E t⎡ ⎤λ = −λ θ −λ θ⎢ ⎥⎣ ⎦
 

     = ( ) ( ) ( ) ( ) ( )2
ˆ1 1 ,

ˆ 1 .t tE t C t C E tθ
⎡ ⎤θ − λ −λ ρ θ⎢ ⎥⎣ ⎦

, 
 

is the optimum choice of 2λ  for a specific 1λ  in 1T . 
 
Proof:  
 The result follows from (2.11). Obviously, the resulting MSE of d, in this case, would be 
 

  ( ) ( )*2 2
0 1 02( )  M d M T E t= −λ .     

 

 Therefore, it is noted that θ̂  may be improved through 1T  which, in turn, could be 

improved through d, even if θ̂  is uncorrelated with t. 
 

 It may be observed that for a given 1λ .  
 

  ( ) ( ) ( )( ) ( )* 2
ˆ02 1 ,

ˆ1 1 .tE t C C t E tθ
⎡ ⎤λ = θ −λ +ρ θ⎢ ⎥⎣ ⎦

.  
 

 To ensure the non-negatively of the estimator ( )1 2,d λ λ  for the non-negative 
parameter θ , we should avoid taking that t for which  
 

  ( ) 0E tθ >  and ( )( )ˆ1 ,
ˆ1 . . ( ) 1t C C tθλ + ρ θ > , 

 

as, in this case *
02λ  in (2.12) would be negative and ( )1 2,d λ λ  may also sometimes turn 

out to be negative.  
 

 A subclass of d, say ( )1 2 2 2
ˆ1,d t′ ′λ = λ = λ = θ+ λ  may be quite interesting in some 

situations to generate estimators better than θ̂ . Comparing  ( )'
1 2 21,M d⎡ ⎤λ = λ = λ⎣ ⎦  with 

ˆ( )V θ , a sufficient condition for ( )'
1 2 21,d λ = λ = λ  to be better than θ̂  would be either 

 

  2 020 2′ ′< λ < λ  in case ˆ , 0tθρ <  

or 
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  02 22 0′ ′λ < λ <  in case ˆ , 0tθρ > ,             (2.13)                               
 

where, ( ) ( )2
02

ˆ,Cov t E t′λ = − θ . Therefore, for the situation 1 1λ = , one should never 

choose a t to be uncorrelated with θ̂ , as for such choices of t, θ̂  would be uniformly 
better than ( )'

1 2 21,d λ = λ = λ . In practice, in the absence of exact knowledge of 02′λ , a 

set of sufficient conditions for ( )'
1 2 21,d λ = λ = λ  to be better than θ̂  would be 

 

  ( )( )* 2 2
2 (1) (1) (2)0 2 ( ) 1 ( )K C t C t′< λ < ρ + , in case ˆ , 0tθρ <   

or   
  ( )( )* 2 2

(1) (1) (2) 22 ( ) 1 ( ) 0K C t C t ′− ρ + < λ < , in case ˆ , 0tθρ > .     (2.14) 

 
3. SOME GENERAL RESULTS FOR ESTIMATION OF 2

yσ  
 

 Let 2ˆ yσ  be an unbaised estimator for 2
yσ  based on any sampling design and let a 

Searles-type estimator be defined as 
 

  2
1 1 ˆ yΤ = λ σ ,                  (3.1) 

 

where 1λ  is a suitably chosen constant minimising mean square error of 1Τ . This 

optimal estimator 01Τ  is an improvement over 2ˆ yσ , since 
 

  V ( )2ˆ yσ − ( )0 1M Τ = ( ) ( )
( )( )

2 2
4 2 2

2 2

ˆ
ˆ

ˆ1

y
y y

y

C
C

C

⎡ ⎤σ⎢ ⎥σ σ −⎢ ⎥
+ σ⎢ ⎥⎣ ⎦

0≥ ,      (3.2) 

where ( )2 2ˆ yC σ  is the square of coefficient of variation  of 2ˆ yσ . 
 

 But the optimum estimator 01Τ  can never be used in practice, unless the optimum 

choice of 1λ  in 1Τ , namely, 
 

  ( )2 2
01 ˆ1 1 yC⎡ ⎤λ = + σ⎣ ⎦

,               (3.3) 
 

is known exactly. However, in the absence of exact knowledge of 2
1 ˆ,o yλ σ  can still be 

improved through the estimators of the type(3.1) by choosing a 1λ  such that 
 

  ( ) 12 2
(1) 1ˆ1 yC

−⎡ ⎤+ σ ≤ λ⎢ ⎥⎣ ⎦
< 1,              (3.4) 
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where, ( ) ( )( )2 2 2 2
(1) ˆ ˆy yC Cσ ≤ σ  is a value known apriori. 

 

 1Τ in (3.1) with a 1λ  satisfying (3.4) can further be improved through an estimator of 
the type 
 

  d = 1 2tΤ + λ ,                  (3.5) 
 

where t is a suitably chosen statistic and 2λ  is a value lying between 
 

  0 and *
022λ ,                  (3.6) 

 

*
02λ  being the optimum choice of 2λ  and given by 

 

  ( ) ( ) ( ) ( )* 2 2 2
02 1 1 ˆ1 ,y yE t Cov t E t⎡ ⎤λ = −λ σ − λ σ⎣ ⎦

.        (3.7) 
 

 This follows immediately by observing that 
 

  M(d) = ( ) ( ) ( ) ( ) ( ){ }2 2 2 2
1 2 2 1 1 ˆ2 1 ,y yM T E t E t Cov t+ λ − λ −λ σ −λ σ ,  

and   
  ( ) ( ) ( ) ( )*

2 02

*2 2
0 1 2oM d M d M E t

λ =λ
= = Τ −λ .         (3.8) 

 

 Therefore, the procedure to improve 2ˆ yσ , the usual unbiased estimator for 2
yσ  would 

be as follows:  
 

 (i ) 2ˆ yσ  is first improved through a 1Τ  or through the 01Τ , and then (ii) 1Τ  or 01Τ  is 
improved through an estimator of the type in (3.5). 
 

4. IMPROVED ESTIMATORS OF VARIANCES  
OF BIVARIATE POPULATION 

 

 Let a random sample of size n yield the paired observations { }( , ); 1,2, ....i iy x i n=  
and let     
 

  2
1 1 ,ysΤ = λ   

 

be the Searles - type estimator for 2 .yσ It is found that optimum choice of 1λ  minimising 

MSE ( )1Τ  is 
 

  01
nλ = Δ , 

 

with Δ  = ( ) ( ) ( )
2

2 2
2 3 ,

1
n ny y

n
− +

β + β
−

 being the coefficient of Kurtosis of y. 
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 Let ( )* *
1 nλ = Δ , where *Δ  is such that *n ≤ Δ ≤ Δ  and  * * 2

1 1 ysΤ = λ  be the shrinkage 

type estimator for 2
yσ . We now define several estimators for 2

yσ  as follows. 
 

  ( )* 2 *
1 1 2 1 2, ; ,yd d s x x= λ λ = Τ + λ             (4.1) 

  ( )* 2 2 * 2
2 1 2 1 2, ; ,y x xd d s s s= λ λ = Τ + λ             (4.2) 

  ( )( ) ( )* 2 2 2 * 2 2
3 1 2 1 2, ; ,y y x y xd d s s s s s= λ λ − = Τ + λ −         (4.3) 

  ( )* 2 2
4 1 2 21, ; ,y yd d s x s x= λ = λ = + λ            (4.4) 

  ( )* 2 2 2 2
5 1 2 21, ; ,y x y xd d s s s s= λ = λ = + λ            (4.5) 

  ( )( ) ( )* 2 2 2 2 2 2
6 1 2 21, ; ,y y x y y xd d s s s s s s= λ = λ − = + λ −        (4.6) 

 

 It may be observed that the estimators for the variance  
 

  2 , 1, 2, ,6i i yd s i= λ = …                (4.7) 
 

due to the Das and Tripathi (1978) are based on the availability of the knowledge on 
mean, variance and co-efficient of variation of an auxiliary variate x and 'i sλ have been 
made to be dependent on the sample estimates as well as on the above parameters. In our 
case, in the absence of the exact knowledge on the parameter involved in 0λ , the 
optimum choice of λ , a useable λ  has been obtained using the knowledge on some 
bounds of the parameter involved in 0λ and an improved estimator over 2

ys  has been 
obtained.  
 

 The following proposition exhibits the range of values of 2λ , such that for a given 

value of 1λ , the estimators in (4.1) to (4.3) will be improvements over *
1Τ  and hence 

over 2
ys  also. 

 
Proposition 4.1: 
 A set of necessary and sufficient conditions for the estimators in (4.1) to (4.3) to be 
better than *

1Τ would be that 2λ  lies between 0 and *
22 oλ , where,  

 

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ){ } ( )

* 2 * 2 2
1 1

2* * 2 2 * 2 2 2 2
2 1 1

2* 2 2 2 * 2 2 2 2 2 2 2
1 1

1 , ,

1 , ,

1 , ,

y y

o y x y x x x

y y x y y x y x y x

E x Cov s x E x t x

E s Cov s s E s t s

E s s V s Cov s s E s s t s s

⎧⎡ ⎤− λ σ −λ =⎪⎣ ⎦
⎪⎪⎡ ⎤λ = −λ σ −λ =⎨⎣ ⎦⎪
⎪⎡ ⎤− λ σ − −λ − − = −⎪⎢ ⎥⎣ ⎦⎩

 

                       (4.8) 
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with  ( ) ( )
( )

2422
2

2 3

1
x

x

n n
E s

n n

⎡ ⎤− +σ ⎢ ⎥= β +
⎢ ⎥−
⎢ ⎥⎣ ⎦

 

 

  ( ) ( ) ( )
( )

4
2

2
3
1

x
x

n
V s x

n n
⎡ ⎤−σ

= β −⎢ ⎥
−⎢ ⎥⎣ ⎦

; ( ) ( ) ( )
( )

4
2

2
3
1

y
y

n
V s y

n n
⎡ ⎤σ −

= β −⎢ ⎥
−⎢ ⎥⎣ ⎦

    (4.9) 

 

  ( ), x yCov x y p n= σ σ ; ( ) ( )2
3,yCov s y y n= μ ;                                              

 

  
( ) ( ) ( ) ( ) ( ){

( ) ( ) ( ) ( ) }

2
1,2 1,0 0,2

2 2
0,1 1,1 01

1, , , 1 ,

2 , 2 , ,

y

y x

Cov s x x y x y n x y
n

n x y x y x y n

⎡ ′ ′ ′= μ + μ − μ⎣

⎤′ ′ ′− − μ − μ μ − σ μ ⎦

       

 

   = ( ) ( ) ( ) ( ){ } ( )2 2
1,2 2 1,1

1 , 1 2 2 ,x y y y xx y n y n x y n
n
⎡ ⎤′ ′ ′μ + μ − μ − − μ − μ μ − σ μ
⎣ ⎦  

 

  ( )2 2,y xCov s s = 1
n

( ) ( ) ( ) ( ) ( )2,2 2 2 1,2, 1 2 , xx y n x y x y
⎡
′ ′ ′ ′μ + − μ μ − μ μ⎢

⎣
 

       − ( ) ( ) ( ) ( ) ( )2 2
2 2,1 22 2 , 2x y yn y x y n x′ ′ ′ ′− μ μ − μ μ − − μ μ  

       + 4 ( ) ( ) ( )2
1,1 1,1

2 2, ,
1 1x y

n x y x y
n n
−⎛ ⎞ ′ ′μ μ μ + μ⎜ ⎟− −⎝ ⎠

 

       + 
( )( )

( ) ( ) ( )2 2
2 2

2 3
1 x y

n n
n x y

n
⎤− −

μ μ − μ μ ⎥
− ⎥⎦

 

and  ( ),
r s

r s E x y′μ =  

 
Proof:  
 It may be noted from (3.8) that M(d) was decomposed as  
 

  M(d)= ( ) ( ) ( ) ( ) ( )( ){ }* 2 2 * 2 *
1 2 2 1 1 ˆ2 1 y yM E t E t Cov E tΤ + λ − λ −λ σ −λ σ  

 

and hence, the set of necessary and sufficient condition follows. 
 

 After routine calculations, one will obtain the above expressions in (4.9); [Please see 
Appendix A1.1 to A1.6] 
 
Corollary 4.2:  
 A set of necessary and sufficient conditions for the estimators in (4.4) to (4.6) to be 
better than 2

ys  would be that, the corresponding 2λ  lies between 0 and *
022λ  of (4.8) 

with *
1λ  being replaced by 1 i.e., corresponding 2λ  should lie between 0 and *

022λ , 
where, 
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( ) ( )
( ) ( )
( ) ( ){ } ( )

2 2

2* 2 2 2
02

22 2 2 2 2

,

,

,

y

y x x

y y x y x

Cov s x E x

Cov s s E s

V s Cov s s E s s

⎧−⎪
⎪⎪λ = −⎨
⎪
⎪− − −⎪⎩

        (4.10) 

 

 This follows from the class defined in (2.13) and also from the expression in (4.8). 
 
Remark 4.3:  

i)  Neither the optimum estimators in (4.1) to (4.6), nor the intervals of preference 
i.e., the interval between 0 and *

022λ  can be of any practical use, unless the exact 

values of the parameters involved in *
02λ  may be known exactly. 

ii)  In such situations, depending on some prior information on the bounds of the 
parameters involved in *

02λ , if available, the interval of preference i.e., the 

interval between 0 and *
022λ  can be shrinked to the interval 0 and *(1)

022λ , where 

( )*(1) *
0202λ ≤ λ  would be a quantity known apriori. 

 

 Therefore in the absence of exact knowledge of *
02λ , a sufficient condition for an 

estimator d of the types in (4.1) to (4.6) to be better than *
1Τ  would be that corresponding 

2λ  should satisfy 
 

  *(1)
2 020 2< λ ≤ λ , if *(1) *

02020 < λ ≤ λ  

or  *(1)
2022 0λ ≤ λ < , if *(1) *

0202 0λ ≤ λ < . 
 

5. RESULTS FOR SOME BIVARIATE NON-NORMAL POPULATION 
 

5.1 Bivariate Gamma Population: 
 We study the properties of the proposed estimators for the following bivariate gamma 
population due to MC-Kay, 
 

  ( ) ( ) 11,
p q

qp ayaf x y x y x e
p q

+
−− −= −

Γ Γ
, 0 x y< < <∝ , (a, p, q>0)    (5.1.1) 

 

we obtain, from Appendix A2.1 
 

  ( ) ( )
,

, ( )r s
r s s r

r p q s q r p
E x y

a p q+

β + Γ + + +
′μ = =

Γ Γ
. 

 

Hence, ( ) ( ) ( ) ( )2 3 4
2 3 4/ , ; 2 / , 3 2 / ;x p a x p a x p a x p p aμ = μ = μ = μ = +  

 

  ( ) ( ) ( ) 2
2, ,y p q a y p q aμ = + μ = +  
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  ( ) ( ) ( ) ( )( )3 4
3 42 , 3 2 ;y p q a y p q p q aμ = + μ = + + +  

 

  ( ) ( ) ( ) ( )2 2 2 2 31 ; , ; , 2 /yE x p p a Cov x y p na Cov s x p na= + = =    (5.1.2) 
 

  ( ) ( ) ( ) ( ) ( ) ( ) ( )2 3
2 2, 2 ; 3 2 ; 3 2yCov s x p q na x p p y p q p q= + β = + β = + + +  

 

 For n such that 
1

n
n −

~ 1 and 1
1

n
n
+
−

~ 1, we have, 

 ( ) ( )2 2 2
4 4

2 31, 2 6 ;
1y x

p pnCov s s p p
nna na

+⎡ ⎤⎛ ⎞= + =⎢ ⎥⎜ ⎟−⎝ ⎠⎣ ⎦
 

 ( ) ( ) ( ) ( )( )2
4 4

2 2 3
3 ;

1y
p q p q p qnV s p q

nna na

+ + + +⎡ ⎤⎛ ⎞= + + =⎢ ⎥⎜ ⎟−⎝ ⎠⎣ ⎦
 

 ( ) ( )2
4 4

2 32 3
1x

p pp nV s p
nna na

+⎡ ⎤⎛ ⎞= + =⎢ ⎥⎜ ⎟−⎝ ⎠⎣ ⎦
           (5.1.3)        

 ( ) ( )
( ) [ ]

22
4 4

1
6 6 ;

1x
np pE s np np
nna na

⎡ ⎤+
= + = +⎢ ⎥

−⎢ ⎥⎣ ⎦
 

 ( ) ( ) ( )
( ) ( ) ( )

22
4 4

1
6 6 .

1y
p q n p qE s n p q n p q

nna na

⎡ ⎤+ + + ⎡ ⎤= + + = + +⎢ ⎥ ⎣ ⎦−⎢ ⎥⎣ ⎦
 

 

Proposition 5.1.1.  

 For bivariate gamma population as in 5.1.1, 0 , 1,
1

np q
n

< <
−

~ 1, 1
1

n
n
+
−

~ 1, a set of 

necessary and sufficient conditions for the estimators in (4.1) to (4.3) to be better than *
1Τ  

for a specified *
1λ  and hence, than 2

ys  also would be that the corresponding 2λ  lies 

between 0 and *
022λ , where, 

   

( ) ( ) ( )

( ) ( ) ( )

( ) ( ){ } ( )

* *
1 1

1

* *
02 1 2

*
1 3

1 2
, (5.1.4)

1

2 31 , (5.1.5)
6

, (5.1.6)

p q n
for d

a p
n

p
p q p q for d

np
n

p q p q q for d

⎧ ⎡ ⎤− λ + − λ⎪ ⎣ ⎦
⎪ ⎛ ⎞⎪ +⎜ ⎟⎪ ⎝ ⎠
⎪ ⎡ ⎤⎧ ⎫+⎪ ⎪ ⎪λ = + −λ + +⎢ ⎥⎨ ⎨ ⎬
⎛ ⎞ ⎢ ⎥⎪ ⎪⎪ ⎩ ⎭⎣ ⎦+⎜ ⎟⎪⎝ ⎠

⎪
⎡ ⎤⎪ + − λ + + θ + θ⎣ ⎦⎪
⎪
⎩

 

where ( )2 2 3p q nθ = + +  
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Proof:  
 From (4.8), (4.9), (5.1.2), (5.1.3) and Appendix [A2.3], the result follows. 
 
Corollary 5.1.2.  
 From (5.1.4), (5.1.5) and (5.1.6), it follows that a set of necessary and sufficient 
conditions for the estimators in (4.4) to (4.6) to be better than *

1Τ  as well as 2
ys  would be 

that corresponding 2λ  should lie between 0 and *
022λ , where 

 

 *
02λ =  

( )
( ) ( )
( )

4

5

6

2 1 ,

2 3 6 ,

,

a np for d

p np for d

q for d

⎧− +
⎪⎪− + +⎨
⎪−θ + θ⎪⎩

           (5.1.7) 

 

 Thus, in the absence of exact knowledge on the parameters p,q, but depending on 
some bounds ( )(2) (2),p p q q≤ ≤  , a set of sufficient conditions for estimators in (4.4) to 

(4.6) to be better than *
1Τ  can be obtained. 

 
Corollary 5.1.3.  
 One can observe that *

02λ ’s in (5.1.4), (5.1.5) and (5.1.6) will be greater than 0 if 

respective values of n is such that 
( ) ( )

( )
( )

* *
1 1

**
11

2 32 . , .
11

p
n n

p q p q
+λ λ

> >
+ + −λ−λ

and n >  

( )
( ) ( )

*
1

*
1

2 2 3
.

1

p q
p q
+ + λ
+ − λ

 respectively. 

 

  Thus a set of sufficient conditions for the estimators in (4.1) to (4.3) to be better than 
*
1Τ  would be that corresponding 2λ  should lie between *(1)

2 020 2< λ ≤ λ , where *(1)
02λ  can 

be obtained from *
02λ  on the basis of some bounds on the parameters p,q,a in the absence 

of them knowing exactly. 
 
Corollary 5.1.4:  
 For some bivariate gamma populations with ( ) ( )1, 0 , 1p q p q+ = < < , a set of 

necessary and sufficient conditions for the estimators in (4.1) to (4.3) to be better than *
1Τ  

would be that corresponding 2λ  should lie between 0 and *
022λ , where, 
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( )

( ) ( )

*
1 1

* *
02 1 2

*
1 3

2 11 1 ,

2 31 1 1 ,
6

2 2 3 2 2 3
1 1 ,

p a for d
n n

p
for d

np
n

p q p q
q for d

nn

⎧
⎪
⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎪ − λ + +⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎪ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦⎪
⎪ ⎡ ⎤⎛ ⎞+⎪λ = −λ +⎢ ⎥⎜ ⎟⎨ ⎜ ⎟⎛ ⎞ ⎢ ⎥⎪ ⎝ ⎠⎣ ⎦+⎜ ⎟⎪⎝ ⎠
⎪
⎡ ⎤⎧ ⎫ ⎡ ⎤+ + + +⎪ ⎪ ⎪−λ + +⎢ ⎥ ⎢ ⎥⎨ ⎬⎪

⎢ ⎥⎢ ⎪ ⎪⎥ ⎣ ⎦⎩ ⎭⎪⎣ ⎦⎩

 (5.1.8) 

 
Proposition 5.1.5:  
 Let the terms n/(n-1) and (n+1)/(n-1) be replaced by unity and the bivariate gamma 
population as in (5.1.1) be considered. If p+q=1, and 0 , 1p q< <  , then we have, 
 

  ( )0 1M d = ( ) ( )0 2 0 3M d M d= . 
                
Proof:  
 From (3.8) and (4.8) and under the conditions of the proposition, we obtain  
 

( ) ( )

( ) ( )
( )
( )

( )
( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( )

2 2* *
2 1 12 2*

02 12 44

2 2* *
2 2 21 1* * 2 2

1 0 02 22 4

2 2* *
2 21 1* 2 2 2 2

02 32 4

1 1
. . .,

1

1 1
. . ,

1 1
. . ,

1

x x

y x y x

E x E x for d
aa p

M M d E s E s for d
p a

E s s E s s for d
ap

⎧ −λ −λ⎪ λ = =⎪
+⎪

⎪
⎪ −λ −λ⎪⎡ ⎤Τ − = λ = =⎨⎣ ⎦ ⎪
⎪

−λ −λ⎪
λ − = − =⎪

⎪ −
⎪⎩

 

 

 Hence the result follows. 
 
5.2 Beta-Stacy population: 
 We consider the observations { }( , ); 1, 2,....,i ix y i n=  as if drawn from beta-stacy 

population and study the properties of the proposed estimators of 2
yσ  for this population; 

 

  ( ) ( ) ( ) ( )11, exp . ,q k p qp ykyf x y x y x y k p q
γ

− −γ− +−
⎧ ⎫⎛ ⎞⎪ ⎪= γ − − β Γ β⎨ ⎬⎜ ⎟β⎝ ⎠⎪ ⎪⎩ ⎭

,  (5.2.1) 

          0 , 0, 0, 0, 0, 0x y k p q< < <∝ β > γ > > > >  
 

We obtain, from Appendix (A2.4), 
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  ( ) ( ) ( )
( )

( )
,

, /
,

,

r s
r s

r s
r p q r s k

x y E x y
p q k

+β + β Γ + + γ γ
′μ = =

β Γ
.     (5.2.2) 

 

 Now, for Beta-stacy population with 1,γ =
2k

k
+ ~ 1, 1k

k
+ ~ 1, we have the 

followings: 
 

  ;y kμ = β   ,x
p k

p q
⎛ ⎞

μ = β⎜ ⎟+⎝ ⎠
 

 

  ( ) 2
2 ;y kμ = β ( ) ( )

( )

2

2
1 1 .
1 1 1

k k p p k px
p q p q k p q

β + ⎡ ⎤+ ⎛ ⎞μ = −⎢ ⎥⎜ ⎟+ + + + + +⎝ ⎠⎣ ⎦
~ 

( ) ( )

2 2

2 ,
1

k pq

p q p q

β

+ + +
 

 

  ( ) 3
3 2 ;y kμ = β  ( )3 xμ ~ 

( )
( ) ( )( )

3 3

3

2

1 2

pq q p k

q p p q p q

− β

+ + + + +
, 

 

  ( ) ( ) 4
4 3 2 .y k kμ = + β  

 

 Now for the population with p+q=1, γ = 1, 1k
k
+ ~ 1 and 2k

k
+ ~ 1, we have 

 

  ( ) ( )
4 4

4 2 5
8

k pqx pqβ
μ = −  

   
4 4 52

8 4
k pqβ ⎛ ⎞≥ −⎜ ⎟

⎝ ⎠

2 2 1 55
2 2 4 4

p q p qpq pq
⎡ ⎤+ −⎛ ⎞ ⎛ ⎞= − ≤ ∴− ≥ −⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
∵   (5.2.3) 

   > 0 
 

  ( ) ( )
2 2

2
3.

k k
y

k

+
β =  ~ 3, 

 

  ( ) ( )
2

2 5 1 5
2 2

pq
x

pq pq
− ⎛ ⎞

β = = −⎜ ⎟
⎝ ⎠

, 

 

  ( ) ( )
( ) ( )

2 2
2

2 1

k p q np p q np
E x

n p q p q

⎡ ⎤β + + +⎣ ⎦=
+ + +

 

    ( ) ( )
( )2 22 2 1 2 1

2 1 ,
2 2

k p n pk p p q n p
n n

⎡ ⎤β + −β ⎣ ⎦⎡ ⎤= + + − =⎣ ⎦  
 

  ( )
3

2 2, 0y
kCov s y

n
β

= > , 
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  ( )2 2 3 2 3, 0y
pCov s x k pk

p q
⎛ ⎞

= − β = − β <⎜ ⎟+⎝ ⎠
, 

 

  ( )
( ) ( )

4 3
2 2

2,
1

y x
k pqCov s s

p q p q

β
= −

+ + +
 

       ( )( )
2 24 3 4 3

2. 1 ,
2 2 2 8
k p q p q k p q

⎧ ⎫β + − β⎛ ⎞ ⎛ ⎞⎪ ⎪= − − = − − −⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭

 

  ( ) 2 21, . .p pCov x y k k
n p q n
⎛ ⎞

= β = β⎜ ⎟+⎝ ⎠
, 

 

  ( ) ( )
4 2

2 2
1y
kV s

n
β

=
−

; ( ) ( )24 4
2 2 5 3

4 2 1x
k pq pq nV s

n pq n
β ⎡ ⎤− −

= −⎢ ⎥−⎣ ⎦
, 

 

  ( )22 2 2 1.
1y

nE s k
n
+

= β
−

~ 2 2kβ ;  ( ) ( )24 4 222 2 5 2 3
4 2 1x

k pq pq n nE s
n pq n

⎡ ⎤β − − +
= +⎢ ⎥

−⎢ ⎥⎣ ⎦
. 

 
Remarks:  
 It may be noted that in the bivariate gamma population, ‘ 2 ( )yμ ’ depends on the 
parameters of the ‘x’ distribution, so improvement may be possible. However, for the 
bivariate beta-stacy distribution ‘ 2 ( )yμ ’ does not depend on the parameters of the ‘x’ 

distribution, so a minimum variance unbiased estimators of 2
yσ  is available in this case 

(Johnson and Kotz (1972). However, if the roles of x and y are changed then it would 
make sense.  
 

 The following proposition provides the range of values of 2λ  for bivariate beta-stacy 
population which, when imputed, to the proposed estimators makes them improved over 

*
1Τ  as well as over the usual estimator 2

ys . 
 
Proposition 5.2.1:  

 Let the terms 1k
k
+⎛ ⎞

⎜ ⎟
⎝ ⎠

 and 2k
k
+⎛ ⎞

⎜ ⎟
⎝ ⎠

 be replaced by unity and the bivariate beta-staey 

population as in (5.2.1) be considered. Let kpqδ = . If p+q = 1, then for large n, a set of 

necessary and sufficient conditions for estimators in (4.1) to (4.4) to be better than *
1Τ  

and hence than 2
ys  would be that the corresponding 2λ should lie between 0 and *

022λ , 
where,  
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( ) ( ) ( )
* 2
02

* 2 2 2
1

/ ,

2 / ,

1 / 1 ,

x

y x

p for t x

for t s

for t s s

⎧β =⎪
⎪λ = δ =⎨
⎪⎡ ⎤− λ − δ + δ = −⎪⎣ ⎦⎩

 

 

Proof:  
 The proposition follows from (4.8), (4.9), (5.2.3) and Appendix A2.6 
 

6. NUMERICAL ILLUSTRATION 
 

 Table 24.53 from page 354 of the Book by Hutchinson and Lai (1990) have been 
used. X in the above table is our Y and their Y is our X. Assuming the bivariate data 
arising from bivariate gamma population, relative efficiencies of 1T  and ' ( 1, 2,3)id s i =  

in 5.1.4 to 5.1.6 over 2
ys  have been computed and presented in Table 6.2. Rain volumes 

from clouds which were seeded (y) and matched clouds (x) which were not, are given in 
the following table. 
 

Table 6.1: 
Rain volumes from seeded (Y) and unseeded clouds (X). 
Trials 1-5 Trials 6-10 Trials 11-16 

x Y X y X Y 
26.1 129.6 0.0 302.8 68.5 200.7 
26.3 31.4 17.3 119.0 81.2 274.7 
87.0 2349.6 24.4 4.1 97.3 261.7 
95.0 489.1 11.5 92.4 28.6 7.7 
372.4 430.0 321.2 17.5 830.1 1606.0 

    345.5 978.0 
 

 On computation, we have, 
  yμ = 455.64, xμ = 152.03, 2

yσ = 548321.99, 2
xσ = 48056.05 

  2
x xa = μ σ = .00316, yp q a+ = μ = 1.44, 

  . xp a= μ = .480399, q = .9596601, 

  ( )2 yβ = 7.1666, ( )2 2
yc s = 0.63889, Δ = 14.71205, 

Let  n = 10, and let *
1 0 0.6797n
λ = λ = =

Δ
. Now, we have, 

  ( )*
0 1M T =  1.172051201 x 1110  

  ( )2
yV s =  1.920867537 x 1011 

  ( )0 1M d =  1.163236471 x 1011 

  ( )0 2M d =  1.172043839 x 1011 

  ( )0 3M d =  1.169916504 x 1011. 
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Table 6.2: 

Percentage Relative Efficiency of T1, di(i = 1,2,3) over 2
ys  . 

( ) ( )2 *
0 1 100yV s M T x⎡ ⎤

⎣ ⎦
 ( ) ( )2

0 1 100yV s M d x⎡ ⎤
⎣ ⎦ ( ) ( )2

0 2 100yV s M d x⎡ ⎤
⎣ ⎦ ( ) ( )2

0 3 100yV s M d x⎡ ⎤
⎣ ⎦

 

163.88% 165.13% 163.89% 164.18% 
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APPENDIX A1: 
 
A.1.1: Let '

1xμ = μ and for simplicity, ' ( ) ( 1, 2,3,4)r x rμ = be written as '
rμ ;  

 
2

2 2 ' ' ' ' '2 '4 '2
4 3 1 2 1 2

1 2( 2)( 3) ( 2)( 3) 2 3( ) 4
( 1) ( 1) ( 1)x

n n n n n nE s
n n n n
⎡ ⎤− − − − − +

= μ − μ μ − μ μ + μ + μ⎢ ⎥
− − −⎢ ⎥⎣ ⎦

 

2
'2' '4 ' '2 '4 '2

4 2 1 2 1 1 21
1 2( 2)( 3) ( 2)( 3) 2 36 3

( 1) ( 1) ( 1)
n n n n n n

n n n n
⎡ ⎤− − − − − +

= μ − μ μ + μ − μ μ + μ + μ⎢ ⎥
− − −⎢ ⎥⎣ ⎦

 

  
4 2

2
2( 2 3) .

( 1)
x n n

n n
⎡ ⎤σ − +

= β +⎢ ⎥
−⎢ ⎥⎣ ⎦

 

 

A.1.2:  2 2 2 2 2( ) ( ) ( ( ))x x xV s E s E s= −
4 2

4
2

2 3
1

x
x

n n
n n

⎡ ⎤σ − +
= β + −σ⎢ ⎥

−⎢ ⎥⎣ ⎦
 

   
4

2
( 3)
( 1)

x n
n n

⎡ ⎤σ −
= β −⎢ ⎥−⎣ ⎦

 

A.1.3:  2
1( , ) ( , ) ( ). ( ) i i i j x y

i j
Cov x y E x y E x E y E x y x y

n ≠

⎡ ⎤
= − = + −μ μ⎢ ⎥

⎣ ⎦
∑ ∑ ∑  

   '
112

1 . . ( 1) x y x yn n n
n

⎡ ⎤= μ + − μ μ −μ μ⎣ ⎦  

   
. y x

n
ρ σ σ

=  
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A.1.4: 2 2 2( , ) ( . ) ( ). ( )y y yCov s y E s y E s E y= −  
 

 Now, 2 2

1 1

1 1( . ) ( )
( 1)

n n
y i i

i i
E s y E y y y

n n= =

⎡ ⎤ ⎛ ⎞= −⎢ ⎥ ⎜ ⎟− ⎝ ⎠⎣ ⎦
∑ ∑   

  

2

12

1 1

1
( 1)

n n
i i jn ni i j

i i
i i

y y y
E y y

n n
= ≠

= =

⎡ ⎤+⎢ ⎥ ⎛ ⎞⎢ ⎥= − ⎜ ⎟− ⎢ ⎥ ⎝ ⎠
⎢ ⎥
⎣ ⎦

∑ ∑ ∑
∑ ∑  

  ' ' ' '3
3 2 1 1

1 ( 3) ( 2)n n
n
⎡ ⎤= μ + − μ μ − − μ⎣ ⎦  

 
Therefore,  

 2 ' ' ' '3 2
3 2 1 1

1( , ) ( 3) ( 2)y y yCov s y n n
n
⎡ ⎤= μ + − μ μ − − μ −σ μ⎣ ⎦  

  ' ' 3
3 2 1 2 1

1 .n
n n

μ⎡ ⎤= μ + μ μ −μ μ =⎣ ⎦  

 
A.1.5: 2 2 2( , ) ( . ) ( ). ( )y y yCov s x E s x E s E x= −  

 Now, 2 2

1 1

1( . ) ( )
( 1)

n n
y i i

i i
E s x E y y x

n n = =

⎡ ⎤⎛ ⎞= −⎢ ⎥⎜ ⎟− ⎝ ⎠⎣ ⎦
∑ ∑  

  2

1 1

1 ( 1)
( 1)

i jn ni j
i i

i i

y y
nE y x

n n n n
≠

= =

⎡ ⎤⎧ ⎫
⎢ ⎥⎪ ⎪−⎪ ⎪⎢ ⎥= −⎨ ⎬⎢ ⎥− ⎪ ⎪⎢ ⎥⎪ ⎪⎩ ⎭⎣ ⎦

∑
∑ ∑  

  { }' ' ' '2 ' '
12 10 02 01 11 01

1 ( , ) ( , ) ( 1) ( , ) ( 2) ( , ) 2 ( , ). ( , )x y x y n x y n x y x y x y
n
⎡ ⎤= μ +μ − μ − − μ − μ μ
⎣ ⎦  

 
Therefore,  

 
{ }' ' ' '2

12 10 02 012

' ' '
11 01 2 1

( , ) ( , ) ( 1) ( , ) ( 2) ( , )1( , )
2 ( , ). ( , ) ( ) ( )

y
x y x y n x y n x y

Cov s x
n x y x y y x

⎡ ⎤μ +μ − μ − − μ
⎢ ⎥=
⎢ ⎥− μ μ −μ μ⎣ ⎦

 

 

 ( ) ( ) ( )2 2 2, , ,y y yCov s x y Cov s x Cov s y− = −  
 

 ( ) ( ) ( )2 2 2 2 2 2, ,y x y y x yCov s s s Cov s s V s− = −  
 

 
42

2 2
2 2

( ) ( 3) 3( )
( 1) 1

y
y

y n nV s
n n n n

σ⎡ ⎤μ − −⎡ ⎤= β − = β −⎢ ⎥ ⎢ ⎥− −⎣ ⎦⎣ ⎦
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 ( )
( )2

' '2 ' '
40 20 30 1022

' '2 '4
20 01 10

2 3
( , ) ( , ) 4 ( , ) ( , )1 ( 1)

2( 2)( 3) ( 2)( 3)( , ). ( , ) ( , )
( 1) ( 1)

x

n n
x y x y x y x y

nE s
n n n n nx y x y x y

n n

⎡ ⎤− +
⎢ ⎥μ + μ − μ μ
⎢ ⎥−= ⎢ ⎥

− − − −⎢ ⎥− μ μ + μ⎢ ⎥− −⎣ ⎦

 

 
A.1.6: 2 2 2 2 2 2( , ) ( . ) ( ). ( )y x y x y xCov s s E s s E s E s= −  

  2 2
2 2

1 1

1 1( ) ( ) ( ) ( )
( 1) ( 1)

n n
i i

i i
E y y x x y x

n n= =

⎧ ⎫
= − × − −μ μ⎨ ⎬

− −⎩ ⎭
∑ ∑  

   2 22
1 4 2 ( ) ( )i i j k i i j j i j k l

i j k i j
y x y x x y x y y y x x y x

n ≠ ≠ ≠

⎤⎧ ⎫⎪ ⎪+ + + −μ μ⎥⎨ ⎬
⎪ ⎪⎥⎩ ⎭⎦

∑ ∑ ∑  

 

  { }' ' '
22 20 022

1 ( , ) ( 1) ( , ) ( , )n x y n n x y x y
n

= μ + − μ μ  

   { }' '
12 10

1 2 ( , ) ( 1) ( , )
( 1)

x y n n x y
n

− μ − μ
−

 

   } {' '2 ' '
02 10 21 012

1( 1)( 2) ( , ) ( , ) 2 ( , ) ( , ) ( 1)
( 1)

n n n x y x y x y x y n n
n n

+ − − μ μ − μ μ −
−

 

   
}' '2

20 0,1( 1)( 2) ( , ) ( , )n n n x y x y+ − − μ μ
 

   
{ ' ' '

11 10 012
1 4 ( 1)( 2) ( , ) ( , ) ( , )

( ( 1))
n n n x y x y x y

n n
+ − − μ μ μ

−
 

   
}'2 '2 '2

11 01 10 2 22 ( 1) ( , ) ( 1) ( 2) ( 3) ( , ) ( , ) ( ) ( )n n x y n n n n x y x y y x+ − μ + − − − μ μ −μ μ  
 

  ' ' ' ' '
22 20 02 12 10

1 ( , ) ( 1) ( , ) ( , ) 2 ( , ) ( , )x y n x y x y x y x y
n
⎡= μ + − μ μ − μ μ⎣  

   '2 ' ' '
10 02 21 01( 2) ( , ) ( , ) 2 ( , ) ( , )n x y x y x y x y− − μ μ − μ μ  

   ' '2 '2
20 20 01( 2) ( , ) ( , ) ( , )n x y x y x y− − μ μ μ  

   ' ' ' '2
11 10 01 11

2 24 ( , ) ( , ) ( , ) ( , )
1 ( 1)

n x y x y x y x y
n n
−⎛ ⎞+ μ μ μ + μ⎜ ⎟− −⎝ ⎠

 

   '2 '2 2 2
10 0,1

( 2) ( 3) ( , ) ( , )
( 1) y x

n n x y x y
n

− − ⎤+ μ ×μ −σ σ⎦−
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APPENDIX A2.1: 
 
Calculation of moments of different order of bivariate gamma distribution. We have, 
 

  ( )
1

1 1
, , 1

qp q
r s p q ay

r s
a xx y x y x y e dxdy
p q y

−+
− − −⎛ ⎞

′μ = −⎜ ⎟Γ Γ ⎝ ⎠
∫∫  

   = 
( ) ( ) ( )

( )

s ra r p s q r p
p p q r

− + Γ + Γ + + +
Γ Γ + +

; 

 

Hence, relating ( ), ,r s x y′μ  with ( ), ,r s x yμ , we have,  
 

 ( ) ( )1 1,0 ,x x y p aμ = μ = ; ( ) ( ) ( )1 0,1 ,y x y p q aμ = μ = +  

 ( ) ( ) 2
2 2,0 ,x x y p aμ = μ = ; ( ) ( ) ( ) 2

2 0,2 ,y x y p q aμ = μ = +  

 ( ) ( ) 3
3 3,0 , 2x x y p aμ = μ = ; ( ) ( ) ( ) 3

3 0,3 , 2y x y p q aμ = μ = +  

 ( ) ( ) ( )
4 4,0 4

3 2
,

p p
x x y

a

+
μ = μ = ; ( ) ( ) ( )( )

4 0,4 4

3 2
,

p q p q
y x y

a

+ + +
μ = μ =  

 ( ) ( ) 2
1,1 , 1x y p p q a′μ = + +  

 ( ) ( )( ) 3
2,1 , 2 1x y p q p p a′μ = + + +  

 ( ) ( )( ) 3
1,2 , 2 1x y p q p q p a′μ = + + + +  

 ( ) ( )( )( ) 4
3,1 , 3 2 1x y p q p p p a′μ = + + + +  

 ( ) ( )( )( ) 4
1,3 , 3 2 1x y p q p q p q p a′μ = + + + + + +  

 ( ) ( ) ( )( ) 4
2,2 , 1 3 2x y p p p q p q a′μ = + + + + +  

 
APPENDIX A2.2: 

Calculations of ( )2 ,yCov s t  for 2 , ,xt s x y=  under the assumption of 

 1
1

n
n
+
−

~ 1, 
1

n
n −

~ 1. 
 

 (i) ( ) ( )( )( ) ( ) ( )2 2
4

1, 1 2 3 1 1 .y xCov s s p p p q p q n p p
na

⎡= + + + + + + − +⎣  

   x ( )( ) ( )( )21 2 1 2p q p q p p q p q+ + + − + + + +  

   − ( ) ( )( ) ( )( )( )22 1 2 1 2n p p q p q p p p q p q− + + + − + + + +  

   − ( ) ( )( ) ( )( )2 222 1 4 1
1

nn p p p q p p q p q
n
−⎛ ⎞− + + + + + +⎜ ⎟−⎝ ⎠

 

   + 
( ) ( ) ( )( )

( ) ( ) ( ) ]2 22 22 32 1
1 1

n n
p p q p p q np p q

n n
− −

+ + + + − +
− −
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  = 2
4

1 2 . 6
1

np p
nna

⎧ ⎫⎛ ⎞ +⎨ ⎬⎜ ⎟−⎝ ⎠⎩ ⎭
~ ( )4

1 2 3p p
na

+ ; 

(ii) ( )2
3

2,y
pCov s x

na
= ; 

(iii) ( ) ( )2
3

2
,y

p q
Cov s y

na

+
= ; 

(iv) ( ) 2, pCov x y
na

= ; 

(v) ( ) ( )
2

3 2p
x

p
+

β = ; 

(vi) ( ) ( )
( )2

3 2p q
y

p q
+ +

β =
+

; 

 

(vii) ( )2
4 2 6

1x
p nV s p

nna
⎡ ⎤⎛ ⎞= +⎢ ⎥⎜ ⎟−⎝ ⎠⎣ ⎦

~ 
( )

4

2 3p p

na

+
; 

(viii) ( ) ( ) ( )2
4

2
3

1y
p q nV s p q

nna

+ ⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟−⎝ ⎠⎣ ⎦
~ 

( )( )
4

2 3p q p q

na

+ + +
; 

(ix) ( ) ( )
( )

22
4

1
. 6

1y
npE s np
nna

⎡ ⎤+
= +⎢ ⎥

−⎢ ⎥⎣ ⎦
~ ( )4 6p np

na
+ ; 

 
APPENDIX A2.3: 

 

Calculation of  *
02λ ’s for different t’s ( )2 2 2, ,x y xt x s s s= − . 

 

Case 1: :t x=  
 

 ( ) ( ) ( )* * 2 * 2
02 1 11 ,y yE t Cov s x⎡ ⎤λ = −λ σ −λ⎣ ⎦ ( )2E x  

        = 
( )( )

*
* 1
1 2

3

21

1

p p q
n ax

a p p
n

⎡ ⎤λ
− λ + −⎢ ⎥

⎢ ⎥⎣ ⎦
⎛ ⎞+⎜ ⎟
⎝ ⎠

 

        = 
( )( ) ( )* *

1 11 2

1

p q n

ax p
n

− λ + − λ

⎛ ⎞+⎜ ⎟
⎝ ⎠

 

 

Thus, for the bivariate gamma population with 1p q+ = , we have, 
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( ) ( )

*
* 1
02

1 1 2
1

n a
a p a na

⎡ ⎤λ
λ = − +⎢ ⎥

+ ⎢ ⎥⎣ ⎦
 

        = 

*
1

2

21 1

1

a
n

a p
n

⎡ ⎤⎛ ⎞− λ +⎜ ⎟⎢ ⎥
⎝ ⎠⎣ ⎦
⎛ ⎞+⎜ ⎟
⎝ ⎠

; 

 

and for large n ( )n →α , we have, 
 

 *
02λ =    ( )*

11 ap−λ                 (A 2.3.1) 
 

It may be noted that,  
 

 *
02 0,λ >  or 0<  according as 

( )
*
1

*
1

2 .
1

n
p q

λ
>

+ −λ
, or 

( )
*
1

*
1

2 .
1

n
p q

λ
<

+ − λ
. 

 

Hence, a set of sufficient conditions for 1d  to be better than *
1λ  for all bivariate gamma 

population with 1p q+ = , would be that  
 

 *(1) *
2 02020 2 2< λ ≤ λ < λ  for, 

( )
*
1

*
1

2 .
1

n
p q

λ
>

+ −λ
 

or *(1)
2022 0λ ≤ λ < , for, 

( )
*
1

*
1

2 .
1

n
p q

λ
<

+ −λ
 

 

where,  ( )*(1) * 2
1 (2)02 1 2aλ = − λ , (2)a a≤    [ ]1 2p + <∵  

 
Case 2: 2

xt s= ; 
 

 ( ) ( ) ( )2* * 2 2 * 2 2 2
02 1 11 ,y x y x xCov s s E s⎡ ⎤λ = −λ σ σ −λ

⎣ ⎦
 

   = 
( ) ( ) ( ) ( ){ }*

1
1 2 3

6
n p q n p q p

np
⎡ ⎤+ − λ + + +⎣ ⎦+

  

 

Thus, for bivariate gamma population with 1p q+ =  , we have, 
 

 ( )( )* *
02 1

62 3n n p n p
n

⎛ ⎞⎡ ⎤λ = − λ + + +⎜ ⎟⎣ ⎦ ⎝ ⎠
, 

        = 
( )*

1
2 3 61 1

p
n n p

n n

⎡ ⎤⎛ ⎞+ ⎛ ⎞− λ + +⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦
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which, for large n  i.e. n →α , becomes, 
 

 ( )* *
02 11 0pλ = − λ >  .               (A 2.3.2) 

 

Hence, a set of sufficient conditions for 2d  to be better than *
1λ  would be, 

 

 *(1)
2 020 2< λ ≤ λ ; 

 
Case 3: ( )2 2

y xt s s= − ; 
 

 
( ) ( ) ( ){ }

( )

* 2 2 2 * 2 2 2
1 1

*
02 22 2

1 ,y y x y y x

y x

Cov s s s

E s s

⎡ ⎤− λ σ σ −σ −λ −⎢ ⎥⎣ ⎦λ =
−

 

 

Thus, 
( ) ( ) ( )

( )

*
1

*
02

2 2 3

2 2 3

p q
p q p q

n

p q
q

n

⎡ ⎤⎧ ⎫+ +⎪ ⎪+ −λ + +⎢ ⎥⎨ ⎬
⎪ ⎪⎢ ⎥⎩ ⎭⎣ ⎦λ =

⎡ ⎤+ +
+⎢ ⎥

⎢ ⎥⎣ ⎦

 

 

Thus, for the bivariate gamma populations with 1p q+ =  and for large n , ( )n →α , we 
have, 
 

 

( )

( )

*
1

*
02

2 2 3
1 1

2 2 3

p q
n

p q
q

n

⎡ ⎤⎛ ⎞+ +
−λ +⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦λ =
⎡ ⎤+ +

+⎢ ⎥
⎢ ⎥⎣ ⎦

=  ( )*
11 / q− λ         (A 2.3.3) 

 

Clearly, *
02 0,λ >   if 

( )
( )*

1
*
1

2 2 3
.

1

p q
n

n
+ +λ

>
−λ

 and hence a sufficient condition for 3d to 

be better than *
1Τ would be  

 

 *(1)
2 020 2< λ ≤ λ , 

 

where, *(1)
02λ   is any known quantity depending on some bounds on the parameters 

involved.  
 

It may be observed that, for n →∝ , 
 

 ( ) ( )2 2*2 2 * 4
02 1. 1xE s aλ = − λ  
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 ( ) ( )2 2*2 2 2 * 4
02 1. 1y xE s s aλ − = − λ  

and ( ) ( )2*2 2 * 4
02 1. 1E x aλ = −λ  

       
APPENDIX A2.4: 

 

Calculation of moments of different orders of Beta-Stacy population, (5.2.1). We have, 
 

 ( ) ( )
( ) ( ),

,
,

,
r s

r s
r p q

x y E y
p q

+β +
′μ =

β
, 

where, 

 ( ) ( )
0

r s r sE y y f y dy
∝

+ += ∫ ; 

and ,  

 

( )

( )

1 1
1 ( 1)

0
. . 1 . .exp

( )
,

p q
p q k p q

x y

yk

x x yy y y dx
y y

f y
k p q

− − γ
− − γ− −

< <

⎧ ⎫⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎪ ⎪γ − −⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟β⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎪ ⎪⎩ ⎭=
β Γ β

∫
 

  = ( ) ( )11 1

0 1
. 1 exp ,qk p k

u

yy k u dy k p q
γ

−γ − − γ

< <

⎧ ⎫⎛ ⎞⎪ ⎪γ − − β Γ β⎨ ⎬⎜ ⎟β⎝ ⎠⎪ ⎪⎩ ⎭
∫  

  = 1. ,
y

k ky e k

γ
⎛ ⎞

−⎜ ⎟βγ − γ⎝ ⎠γ β Γ         0y >  
 

Therefore, 

 ( ) 1

0

1
y

r s r s k
kE y y e dy

k

γ
⎛ ⎞

−α ⎜ ⎟β+ + +γ − ⎝ ⎠
γ

= γ
β Γ

∫  

  = 
( )r s k

k

r s k

k

+ +γ

γ

β + + γ γ

β Γ
 

Hence, 

 ( ) ( )
( )

( )
,

, ( )
, .

,

r s

r s
r p q r s k

x y
p q k

+β + β Γ + + γ γ
′μ =

β Γ
 

 

Now, for beta-staey distribution with 1γ = , we have, finally, 

 ( ) ( )
( ),

,
,

,

r s

r s
r p q r s kx y

p q k

+β + β + +′μ =
β Γ

           (A.2.4.1) 
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APPENDIX A2.5: 
 

Computation of ( )2 ,yCov s t  for different choices of t. 

From A.2.4.1, we have, 
 

 ( ) ( ) ( )( )3
1,2 , 1 2px y k k k

p q
′μ = β + +

+
 

 

 ( ) ( )
( )( ) ( )( )3

2,1
1

, 1 2
1

p p
x y k k k

p q p q
+

′μ = β + +
+ + +

        (A.2.5.1) 

 

 ( ) ( ) ( )2
1,1 , 1px y k k

p q
′μ = β +

+
 

 

 ( ) ( )
( )( ) ( )( )( )4

2,2
1

, 1 2 3 .
1

p p
x y k k k k

p q p q
+

′μ = β + + +
+ + +

 

 

(i) ( ) ( ) ( ) ( ) ( ){ }2 2
1,2 2

1, , 1 2y x yCov s x x y n y n
n
⎡ ′ ′= μ +μ − μ − − μ
⎣

 

           ( ) 2
1,12 , y y xx y n ⎤′− μ μ − σ μ ⎦  

  = ( )( ) ( ) ( ) ( ){ }3 2 2 21 1 2 1 1 2p pk k k k n k k n k
n p q p q
⎡⎛ ⎞ ⎛ ⎞

+ + β + β − β + − − β⎢⎜ ⎟ ⎜ ⎟+ +⎢⎝ ⎠ ⎝ ⎠⎣
 

   − ( ) 2 22 1 .p pk k k n k k
p q p q

⎛ ⎞ ⎛ ⎞ ⎤
+ β β− β β⎜ ⎟ ⎜ ⎟ ⎥+ + ⎦⎝ ⎠ ⎝ ⎠

 

  = 
( )( ) ( ) ( )3 3

3

1 21 1 1. . 1 2 2
k k kp k k nk n n

n p q k k kk

⎡ ⎤+ +⎛ ⎞ ⎧ ⎫+ +⎛ ⎞ ⎛ ⎞β + − − − − −⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟+ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎩ ⎭⎝ ⎠ ⎣ ⎦
 

  = 3 31 . .p n k
n p q k
⎛ ⎞ ⎛ ⎞− β⎜ ⎟ ⎜ ⎟+ ⎝ ⎠⎝ ⎠

 1k
k
+⎡

⎢⎣
~1 and 2 1k

k
+ ⎤

⎥⎦
�  

  = − 2 3p k
p q

⎛ ⎞
β⎜ ⎟+⎝ ⎠

               (A.2.5.2) 

 

Let the terms 
( )1k

k
+

, 
( )2k

k
+

 and 
( )3k

k
+

 be replaced by unity, then from A.2.5.1, 

we have the followings: 
 

(a) ( ) ( )
( )( )

4 4
2,2

1
,

1
p p

x y k
p q p q

+
′μ = β

+ + +
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(b) ( ) ( ) ( )
( )( )

4 4

2 2
1

.
1

k p p
x y

p q p q
β +

′ ′μ μ =
+ + +

 

(c) ( )
2

4 4
1,2 , .x

px y k
p q

⎛ ⎞
′μ μ = β ⎜ ⎟+⎝ ⎠

 

(d) ( ) ( )
( )( )

4 4

2,1
1

,
1y

k p p
x y

p q p q
β +

′μ μ =
+ + +

            (A.2.5.3) 

(e) ( )
2

2 4 4
2 x

py k
p q

⎛ ⎞
′μ μ = β ⎜ ⎟+⎝ ⎠

 

(f) ( ) ( )
( )( )

4 4
2

2
1

1y
k p p

x
p q p q
β +

′μ μ =
+ + +

 

(g) ( )
2

4 4
1,1 , . .x y

px y k
p q

⎛ ⎞
′μ μ μ = β ⎜ ⎟+⎝ ⎠

 

(h) ( )
2

2 4 4
1,1 , px y k

p q
⎛ ⎞

′μ = β ⎜ ⎟+⎝ ⎠
 

(i) 
2

2 2 4 4. .x y
pk

p q
⎛ ⎞

μ μ = β ⎜ ⎟+⎝ ⎠
 

(j) ( ) ( )
( ) ( )

4 4
2 2 2.

1

pqx y k
k p q p q

⎡ ⎤
⎢ ⎥μ μ = β
⎢ ⎥+ + +⎣ ⎦

 

 

(ii) ( ) ( ) ( ) ( ) ( )2 2
2,2 2 2

1, , 1 .y xCov s s x y n x y
n
⎡
′ ′ ′= μ + − μ μ⎢

⎣
 

          − ( ) ( ) ( ) ( )2
1,2 2 2,12 , 2 . 2 ,x x yx y n y x y′ ′ ′μ μ − − μ μ − μ μ  

        − ( ) ( ) ( )
( ) ( )2

2 1,1
2

2 4 , . .
1y x y

n
n x x y

n
−

′ ′− μ μ + μ μ μ
−

 

        + ( ) ( )( )
( ) ( ) ( )2 2 2

1,1 2 2
2 32 , .

1 1 x y
n n

x y n x y
n n

⎤− −⎛ ⎞ ′μ + μ μ − μ μ ⎥⎜ ⎟− −⎝ ⎠ ⎥⎦
 

 

 Substituting the values from (A.2.5.3), we have, 
 

 ( )
( ) ( )

4 3
2 2

2,
1

y x
k pqCov s s

p q p q

β
= −

+ + +
           (A.2.5.4) 

 

(iii) ( ) ( ) 3
32 2, 0y

y kCov s y
n n

μ β
= = >  
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(iv) ( ) ( ) ( )1,1
1,1

, 1, , x y
x y

Cov x y x y
n n

μ
⎡ ⎤′= = μ −μ μ⎣ ⎦  

   =  ( )21 1 .p pk k k k
n p q p q
⎡ ⎤⎛ ⎞ ⎛ ⎞

β + − β β⎢ ⎥⎜ ⎟ ⎜ ⎟+ +⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
 

   = 21 . . .p k
n p q
⎛ ⎞

β⎜ ⎟+⎝ ⎠
 

 
APPENDIX A2.6: 

 

Computation of *
02λ  for different choices of t  

 

Case 1: t x= ; 
 

 ( ) ( ) ( ) ( )* * 2 * 2 2
02 1 11 ,y yE x Cov s x E x⎡ ⎤λ = −λ σ −λ⎣ ⎦  

   = 
( )

( ) ( )

2 3

22 2

1

k p p q

qk p p p q
n p q

β +

⎧ ⎫⎪ ⎪β + +⎨ ⎬+ +⎪ ⎪⎩ ⎭

 

 

when 1p q+ = , we have 
 

 *
02

1 12 2 p
n n
⎡ ⎤⎛ ⎞λ = β + −⎜ ⎟⎢ ⎥

⎝ ⎠⎣ ⎦
, 

 

which, for large n, i.e. for n →∝  becomes, 
 

 ( )*
02 0pλ = β >  

 
Case 2: 2

xt s=  ; 

 ( ) ( ) ( )2* * 2 2 * 2 2 2
02 1 11 ,y x y x xCov s s E s⎡ ⎤λ = −λ σ σ −λ⎣ ⎦  

   = 
( ) ( )

( )

24 3

24 4

1
21

2 5
14 2 1

k pq p q p q

k pq pq n
npq

n

β + + +

⎧ ⎫⎛ ⎞−⎜ ⎟⎪ ⎪β −⎪ ⎪⎝ ⎠+⎨ ⎬
⎛ ⎞⎪ ⎪−⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭

, 

 

which, for 1p q+ =  and for large n, i.e. for n →∝  we have 
 

 *
02

2 0λ = >
δ

, where .kpqδ =  
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Case 3: ( )2 2
y xt s s= − ; 

  

 
( ) ( ) ( ){ }

( )

* 2 2 2 * 2 2 2
1 1

*
02 22 2

1 ,y y x y y x

y x

Cov s s s

E s s

⎡ ⎤− λ σ σ −σ −λ −⎢ ⎥⎣ ⎦λ =
−

 

 

Numerator = ( )( )
( ) ( )

2* 2
1 21 1

1

kpqk
p q p q

⎛ ⎞
⎜ ⎟−λ β −
⎜ ⎟+ + +⎝ ⎠

− 
( ) ( ) ( )

4 2 4 3
*
1 2

2
1 1

k k pq
n p q p q

⎧ ⎫β β⎪ ⎪λ +⎨ ⎬
− + + +⎪ ⎪⎩ ⎭

 

   = ( )
( ) ( )

2 4 *
1 21

1

kpqk
p q p q

⎡ ⎤
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n
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−
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~ 1, we have, 
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and for large n, i.e. for n →∝  ( )22 2
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