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ABSTRACT 
 

 The estimation of multivariate stochastic regression 1 2( , ,... ) ; 1,dY r X X X d= + ε ≥  
for a stationary random process { }iX  using wavelet methods is considered. Uniform 

rates of almost sure convergence over compact subsets of dℜ  in the Besov space spqB  

are established for strongly mixing processes. Also, considering the case 1d = , the 
results given by Doosti et al. (2008) are obtained as special cases. 
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1. INTRODUCTION 
 

 Nonparametric regression is a smoothing method for recovering a regression function 
from data, without having a strong priori restriction on its form. There are many 
interesting examples where applications of regression smoothing methods have yielded 
analysis essentially unobtainable by other techniques; see for example, the monographs 
by Eubank (1988) and Müller (1988). Nonparametric curve estimation by wavelets has 
been treated in numerous articles in various setups. These range from the simple 
Gaussian iid error situation to more complicated data structures that often call for a 
specific algorithm tailored to the problem at hand. In the fixed design case, and for 
sample sizes that are a power of 2, wavelet methods offer an appealing method for 
adaptation of nonparametric curve estimation (Antoniadis, 1994; Antoniadis et al. 1994, 
1997; Donoho et al. 1995; Härdle et al. 1998). These methods are prominent because of 
their computational ease and because they lead to minimax results over very broad 
classes of function spaces for a variety of loss functions. Delouille et al. (2001, 2004) 
treat nonparametric stochastic regression using smooth design-adapted wavelets built by 
means of the lifting scheme. Kohler (2008) introduced a new multivariate regression 
estimate. It is constructed by hard thresholding of estimates of coefficients of a series 
expansion of the regression function. Doosti et al. (2008) extended the results of 
Antoniadis et al. (1994, 1997) for mixing sequences of variables. The object of this 
article is to extend the results of Doosti et al. (2008). This paper consider the estimation 
of the multivariate stochastic regression ( )1 2, ,... ; 1,dY r X X X d= + ε ≥  for a stationary 
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random process { }iX  using wavelet methods. To prove our main results, we follow the 
methods Doosti et al. (2008) and Masry (1997). The organization of the article is as 
follow: Basic properties of wavelets and multiresolution analysis and Besov space on 

dℜ , needed in this paper, are presented in section 2. After introducing wavelet 
multivariate density function estimation given in section 3, we introduce our proposed 
estimator in section 4 and study its asymptotic properties.  
 

2. WAVELET AND BESOV SPACES 
 

 Following Meyer (1992) a multiresolution analysis on the Euclidean space dℜ  is a 
decomposition of the space ( )2

dL ℜ  into an increasing sequence of closed subspaces 
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 0V  is closed under integer translation. Finally, there exists a scale function 
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Definition. The multiresolution analysis is called r-regular if ( )2
dLϕ∈ ℜ  and all its 

partial derivatives up to total order r are rapidly decreasing, i.e., for every integer 0,i ≥   
there exists a constant iA such that   
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 Define the detail space jW  by   1 .j j jV V W+ = ⊕  
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 Then there exist 2 1dN = −  wavelet functions { }( ), 1, ,i x i Nψ = …  such that 

i) ( ){ }, , 1, ,d
i x k k i Nψ − ∈Ζ = … is an orthonormal basis for 0W . 

ii) With ( ) ( ){ }/2
, , 2 2jd j

i j k ix x kψ = ψ −  the functions 

( ){ }, , , 1, , , ,d
i j k x i N k jψ = ∈Ζ ∈Ζ…  constitute an orthonormal basis for 

2 ( )dL ℜ . 
iii) iψ  has the same regularity as ϕ . 

 

For any ( )2
df L∈ ℜ  we have the orthonormal representation 
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1d d

N
mk m k ijk i j k

j m ik k
f x a x b x

≥ =∈Ζ ∈Ζ
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for any integer m where 
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mk m k ijk i j ka f u u du b f u u du
ℜ ℜ

= ϕ = Ψ∫ ∫                   (2.5) 

 
Note that the orthogonal projection of  f on lV can be written in two equivalent ways: 
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for any .m l≤  We  suppose that  f  belongs to the Besov class, spqB . Meyer (1992) 

provided a characterization of the space spqB  in terms of wavelets coefficients. Assume 

the multiresolution analysis is r- regular and s r< , then spqf B∈  if and only if  
1/

0
( ) 2 .
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J f P f P f

≥

⎛ ⎞⎛ ⎞⎜ ⎟= + < ∞⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
∑  

 
3. MULTIVARIATE DENSITY ESTIMATION 

 

 Let { }iX  be a stationary random process. Set ( )1, ,j j djX X X+ += … and let ( )f x  

be the joint probability density of the vector jX . Assume that ( )2
df L∈ ℜ , Then ( )f x  

admits the wavelet representation (2.4). Given n observations { } 1
n

i i
X

=
 we estimate the 

coefficients { }mka  and { }ijkb  by 
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and note that these estimates are unbiased, 
 

  ˆˆ , .mk mk ijk ijka a b b⎡ ⎤⎡ ⎤Ε = Ε =⎣ ⎦ ⎣ ⎦  
 

 A linear estimate of f can be obtained from (2.4) by 
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or, equivalently, as 
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for any 0j m≤ . Here the resolution level ( )m m n= →∞  at a rate specified below. We 
assume that ϕ  and iψ have a compact support so that the summations above are finite for 
each fixed x (note that in this case the support of ϕ  and iψ  is a monotonically 
increasing function of their degree of differentiability (Daubechies, 1992)). Masry (1997) 
established rates of strong convergence which are uniform over compact subsets of dℜ . 
 

 Let k
iF  be the σ -algebra of events generated by the random variables 

{ }, .jX i j k≤ ≤  The stationary process { }jX  is called strongly mixing (Rosenblatt, 

1956b) if [ ] [ ] [ ] ( )
0 ,
sup 0 .

kA F B F
P AB P A P B k as k

∞
−∞∈ ∈
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Condition A. Assume that 
 

i) 1( ) .f x M≤ < ∞  

ii) ( ) ( ) ( ) 2, ;f x y j f x f y M− ≤ < ∞  for all 1j ≥ , where ( ), ;f x y j  is the joint 

probability density of the vectors ( )0 , jX X  which is assumed to exist. 

iii) The strongly mixing coefficient  ( )jα satisfies 

   1 2/

1
[ ( )]

j
j j

∞
α − ν

=
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  for some 2ν >  and  0 1 2 /< α < − ν . 
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 Note that (3.4) is equivalent to ( ) ( )1/ cj jα = Ο  for some c > 2. Also note that for  

1 < j < d – 1, the components of  0X  and of jX  overlap; the joint density ( ), ;f x y j  in 

condition A(ii) is then the density of the random variables ( )1, ,j j dX X+ +… . 

 
Lemma 1.  
 

 Under Condition A, there exists a constant M (which depends only on f  and ϕ ) such 
that 

  
( )2ˆsup var[ ( )]

d

dm n

n
x

f x M
n∈ℜ

≤ .                                                         (3.5) 

 
Lemma 2.  
 

 Assume that the multiresolution analysis is r-regular and density spqf B∈ , for some 

0 , 1 , ,s r p q< < ≤ ≤∞  then for / ,s d p>  
 

  ( )( / ) ( )ˆ| ( ) ( ) | 2 .d
s d p m n

nx f x f x − −
∈ℜΕ Ε − = Ο  

 

for proofs of above lemmas see Masry(1997). 
 

4. MULTIVARIATE REGRESSION ESTIMATION 
 

 Consider the nonparametric multivariate regression model which is given as the 
following. Let ( )1 2, , , , , 1, 2, ,i i di iX X X Y i n=… …  be identically distributed as a  

(d+1)-dimensional random vector ( )1, , ,dX X Y…  with ( )2YΕ < ∞ . The proposed here is 

to estimate the multivariate regression function of Y  on X , denoted by 

( ) ( ) ( )1| ; , , dr x Y X x X X X= Ε = = …  and ( )1, , .dx x x= …  An alternative way to 
write the regression model is the following  
 

  ( ) , 1, , ,i iiY r X i n= + ε = …  
 

where  the error iε , conditionally on iX , is assumed to be independent with zero 
expectation and a bounded conditional variance. The above setup corresponds to the 
random design. Also, we assumed that the common multivariate distribution of iX  
admitted a multivariate density 1( , , ).df x x…  similar to the setup in earlier literature such 
as Antoniatis and Pham (1995), Antoniadis et al. (1997), Delouille et al. (2004) and 
Doosti et al. (2008), our estimator of ( )r x   will be obtained by taking the ratio of wavelet 
estimators of g rf=  and f .  
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 Recall that, 
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 Similar to (2.4), if ( ) ( )2 ,dg x L∈ ℜ  we may write its wavelet expansion as  
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 For any integer m , where  
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for any 0j m≤ . 
 

 In the rest of this section we will prove under some conditions, the results of last 
section are satisfactory for ( )g x  too, and in theorem 3 we obtain the rate of convergence 
for bias and variance of our proposed estimators. 
 

 In following theorem the condition A plays main role. 
 
Theorem 1.  
 Let condition A hold and regression function ( )r x  is locally bounded. Then there 
exists a constant  C (which depends only on g and ϕ  such that 
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the by (4.5) and (4.6) we can write ˆ ( )ng x  as an extended kernel estimator  
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     1 2T T= +                (4.9)  
  

 Now, we want to find upper bounds for 1T   and 2T . 
 

 By stationary: 
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 By Masry (1997) Eq. (4.6) and boundedness of ( )r x ; 
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By Eq. (4.11) in Masry (1997) and the assumption that ( )r x  is bounded we see 
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and so by (4.8), (4.9) and (4.10), proof will be completed.  
 

 The result of following theorem is similar to results of theorem 3.1 in Doosti et al. 
(2008), but the conditions of the theorems are quite different so the proof is different too. 
 
Theorem 2. Assume that the multiresolution analysis is r-regular and density spqg B∈ , 

for some 0 , 1 , ,s r p q< < ≤ ≤ ∞  then for / ,s d p>  
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 As in Kerkyacharian and Picard (1992) we have 
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since spqg B∈ , where ( )1/ 1/s s d p p′ ′= − −  and the result follows with .p′ = ∞  
 

 These results allow one to control the convergence rate of estimator 
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Theorem 3.  Under assumption in lemmas 1 and 2 and Theorems 1 and 2 we have, 
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Proof: By using the results of above theorems and following proof of (3.7) and (3.8) in 
Doosti et al. (2008), proof will be obtained.  
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