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ABSTRACT

In this study, we have developed the Bayes estimator of the population proportion of
a sensitive characteristic when data are obtained through the randomized response
technique (RRT) proposed by Hussain and Shabbir (2007). Using simple Beta prior
information, superiority of the Bayes estimators is established for a wide range of the
values of the population proportion. We observed that Bayes estimators are better than
the Maximum Likelihood Estimator (MLE) and Kim et al. (2006) estimator. For small as
well as moderate samples, it has been observed that Bayes estimators outperform the
MLE and Kim et al. (2006) estimator in case of using RRT by Hussain and Shabbir
(2007).
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1. INTRODUCTION

Asking directly about a stigmatized attribute (induced abortion, drug usage, tax
evasion, etc.) in a human population survey is a fiddly business. A surveyor may receive
untruthful answers from the survey respondents when he/she uses direct questioning
approach. Because of many reasons, information about incidence of stigmatized
attributes, in the population, is necessary. For the first time, Warner (1965) proposed a
nifty method of survey to collect information in relation to stigmatized attributes by
providing privacy and anonymity to the respondents. To date, a large number of
developments and variants of Warner’s Randomized Response model (RRM) have been
put forward by several researchers. Greenberg et al. (1969), Mangat and Singh (1990),
Mangat (1994), Singh et al. (1998), Christofides (2003), Kim and Warde (2004) are some
of the many to be cited. The interested readers may be asked to see Chaudhuri and
Mukerjee (1988) and Tracy and Mangat (1996). In some situations, however, prior
information about the unknown parameter is available and can be used along with the
sample information for estimation of that unknown parameter called the Bayesian
approach of estimation. Efforts made by researchers on Bayesian analysis of Randomized
response models are not very enormous, nonetheless, attempts have been made on the
Bayesian analysis of Randomized response techniques. Winkler and Franklin (1979), Pitz
(1980), Spurrier and Padgett (1980), O’Hagan (1987), Oh (1994), Migon and Tachibana
(1997), Unnikrishnan and Kunte (1999), Bar-Lev and Bobovich (2003), Barabesi and
Marcheselli (2006), and Kim et al. (2006) are the major references on the Bayesian
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analysis of the RRTs. The arrangement of the paper is as follows. In Section 2, we
present the Warner (1965) and Hussain and Shabbir (2007) RRTs followed by Bayesian
estimation of population proportion using Hussain and Shabbir (2007) RRT in Section 3.
Section 4 contains the conclusion.

2. WARNER’S RANDOMIZED RESPONSE TECHNIQUE
Warner (1965) suggested the initiative of RRT. The basic thought is to develop a
random rapport between the individual’s response and the sensitive question. Warner’s
design consists of two kind of questions, A and A° to be answered on probability basis,

where A is “do you possess stigmatized attribute”, and A® is “do you not possess

stigmatized attribute”. The two questions A and A® are presented to respondents with
preset probabilities P and 1-P  respectively. The simple random sampling with

replacement (SRSWR) is assumed. The i selected respondent is asked to select a

question A or A® and report yes if his/her actual status matches with selected question
and ‘no’ otherwise.

The probability of ‘yes’ for a particular respondent is then:
P(yes)=6=Pn+(1-P)(1-n) (2.1)
where P is the probability of selecting question A

The maximum likelihood estimator of =« is:

. 06-(1-P)
F=— e (22)

’

A~ n . .
where 6 =— and n' is the number of yes responses in the sample of n. Moreover,
n

n(l—n) . P(l— P)

Var () = - n(2P—1)2 .

(2.3)

2.1 Hussain and Shabbir Technique
Hussain and Shabbir (2007) proposed a RRT based on the random use of one of the
two randomization devices R; and R, . In design, the two randomization devices R, and

R, are same as that of Warner’s (1965) device but with different probabilities of

selecting the sensitive question. The idea behind this suggestion is to decrease the
suspicion among the respondents by providing them choice to randomly choose the
randomization device itself. As a result, respondents may divulge their true status. A
simple random sample with replacement (SRSWR) sampling is assumed to select a
sample of size n. Let a and B be any two positive real numbers chosen such that

q:LB, (a#p) is the probability of using R;, where R, consists of the two
o+
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statements of Warner’s device with preset probabilities B, and 1-P, respectively and

B
o+
Warner’s device but with preset probabilities P, and 1-P, respectively. For the i'
respondent, the probability of a yes response is given by

1-g= is the probability of using R, consisting of the same two statements of

h

P(yes)=¢= ai

B{an+(1_|:>l)(1_n)}+ {Pr+(1-P)(1-n)}. (21.1)

o+p
To provide the equal privacy protection in both the randomization devicesR;, and R, ,
it is suggested to set B, =1-P,. With this setting (2.1.1) reduces to

o n{(2P, -1)(a—P)} + P+ Pyt 2.1.2)

(oc+B)

hence

n:¢(a+l3)—FiB—Pza, %ié,“& (2.1.3)

(2R -1)(a=P)

This suggest defining an unbiased moment estimator of = as

¢(0€+B)— P -PRa

7= (2P -1)(ap) (2.1.4)
where J)z% and ny is the number of respondents reporting a yes answer.
When B, =1-P,, the variance of the proposed estimator is given by
Var (7)== (P AB)(Ra+ Pp) (2.15)

N n(2R 1) (a-p) (atp)

3. BAYESIAN ESTIMATION OF 7z USING
HUSSAIN AND SHABBIR (2007) RRT

To go on for Bayesian estimation based on the data gathered by this technique, we
assume a Beta prior distribution with parameters a and b, for the parameter to be
estimated. That is prior distribution of mis given by

f(n):Lna_l(l—n)b_l, O<m<l and a,b>0.

B(ab)
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n
Let X =3 x; Dbe the total number of the yes responses in a sample of size n drawn
i=1

from the population with SRSWR sampling. Here x =1 with probability ¢ and
X; =0with probability 1-¢, where ¢is defined as in (2.1.2). Then the conditional
distribution of X given = is

fypn (X1 ) S LS (1-¢)""

x!(n—x)!

n—-x

xI(n—x)! (a+p) a+p)

which on simplification reduces to

n! {(zpl‘l)(“‘ﬁ)}n(mf)*(1_n+h)”*

:x!(n—x)! a+p

__n {(ZF’l—l)(a—B)}n ”ix n—x! XV gxcipn-x-ji (1_n)j

x!(n—x)! a+p iz j=0 JI(n—x—j)riy(x—i)!

—~

n! [n{(ZPl—l)(a—B)}+PlB+ Pza}x[1_11{(23_1)(“_5)}“315“32&

(2:1[3;)?2(1 3 and h:%- Thus the joint
1—lo= AN

distribution of X and rtis given by

f(X,n):;ﬂ.’a—l(l_n)b_l n {(zpl_l)(a_ﬁ)}n

x!(n—x)! a+p

for x=0,1,2...,n;, where f =

§ X-ipn—x=j i (1_1—1)]

or

1 nt [(2R-1)(a-p)]"
f(x'n)_[&(a,b)x!(n—x)!{ w+p }

X N—X n_x! X! s e . bt i—1
f X—Apn—x=jpa+ 1 1-TI J )
iggoj!(n—x—j)!i!(x—i)! (t-11)

Now the marginal distribution of X can be obtained by integrating the joint
distribution of X and = over r. Thus the marginal distribution of X is given by

F(X)=— 1t n! {(2;3_1)(0_3)}1

B(a.b) x!(n—x)! a+B
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X n-—x! x!
iz0j=0 JI(n—x—j)riy(x—i)!

f¥ I Ig(a+ib+ j).

As we know that the posterior distribution of © given X is defined as

f(n,X)

fn\x (TE|X)= f(X) .

Thus the posterior distribution of © given X may be obtained as

X X n—x! x! iLnex—i atie bt
fX-Ipn—x-j pa+i 1 1— ]
/ igjgoj'(n—X—j)'ll(x—l)l " (1-n)
forx (1/X)=——% p— 0 1(0<m<1).

Y f* I Ig(a+i,b+ j)

i—0 j=o JY(n—x—j)rit(x—i)!
Under the squared error loss function the Bayes estimator of = is given by
—x! I . _
X - n-—x: - X: : fX7|hn7X7JB(a+i+1,b+j)
. i—0j=0 JI(n—x—j)ril(x—i)!
TBayes =~ ™ x n—x . (3.2)

n—x! x! X—=iyN—X—j . .
ié)j:oj!(n—x—j)!i!(x_i)!f h"Ig(a+i,b+ j)

Chaubey and Li (1995), and Kim et al. (2006) used classical approach to compare the
Bayesian and classical estimators and did not use a loss function. In this paper the same
approach of comparison is used. The mean squared errors (MSEs) of both the Bayesian
and classical estimators are defined for a fixed value of & and are written as;

MSE(TA[Bayes ) =E (ﬁBayes _Tc)z = XZZJO(&Bayes _TC)Z " (l_q))n—x . (3.2)
and

MSE (7) = E(7-n)’ = %(fc—n)z o (1-0)" . (33)

In Figures 3.1-3.2, dotted line represents the MSE of the MLE and full line depicts the
MSE of the Bayes estimator. We observe that Bayes estimator performs well compared to
the usual MLE when the data are gathered through Hussain and Shabbir (2007) RRT. It is
evident from the graphs that when the absolute difference between the design
probabilities increases the relative efficiency of the Bayes estimator decreases for smaller
as well as larger samples. This suggests setting the design probabilities in both the
randomization devices almost equal.
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Fig. 3.1: MSE of fig,y,and nfor n=25,R =09,a=1,p=10
and  ranges from 0 to 1.

Fig. 3.2 MSE of g, and & for n=100,P, =0.9,0=1,3 =10
and = ranges from 0 to 1.

Bar-Lev and Bobovich (2003) suggested a common conjugate prior structure for
Warner (1965), Horvitz et al. (1967), Greenberg et al. (1969) and Mangat and Singh
(1990) RRTs. They proposed to use truncated Beta prior distribution. The proposed
Bayes estimator is not directly comparable with the estimators proposed by Bar-Lev and
Bobovich (2003) estimators because they used the conjugate prior distributions. Using
the Mangat (1994) RRT, Kim et al. (2006) proposed a Bayes estimator which can be
compared with proposed Bayes estimator. Kim et al. (2006) estimator rg, is given by

EX: - - B(a+j+1, n+b—x
Lo (x=)! ( )’ g_1-R 3.4

Tk = ZX: x! X_jB( . b )
" " a+J, n+0—X
i=0 JU(x=j)! .

x! X—j
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The MSE the Kim et al. (2006) estimator g is given by

(Rex —) 0" (1-9)" . (3.5)

M=

MSE (g ) = E (Rigx —71)° =

x=0

Behavior of MSEs of proposed Bayes estimator the Kim et al. (2006) estimator are
given in the figures 3.3-3.4. In Figures 3.3-3.4, full line represents the MSE of proposed
Bayes estimator and dotted line represents the MSE of the Kim et al. (2006) estimator.
We observe that proposed Bayes estimator performs well compared to Kim et al. (2006)
estimator when the data are gathered through our proposed RRT based on the randomized
use of the Warner’s randomization device. We observed that when sample sizes increases
the efficiency of the proposed Bayes estimator decreases. This guides to suggest that the
proposed Bayes estimator should preferably be used in stratification. It is also observed
that when the true proportion of the population is greater than 0.5, the proposed Bayes
estimator is comparatively less efficient.
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Fig. 3.3: MSE of i,y and to nig for n=50, a=1 b=2, a=1 p=10, R =P=06.

1.0
0.8_]
0.6_|
¢
0.4_]
0.2_|
0.0
T T T T
0.05 0.10 0.15 0.20
v

Fig. 3.4: MSE Of g, and gy for n=100,a=1 b=2, a=1 p=10, R =P=0.6.
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So, when it is anticipated that there would be a small proportion of individuals
possessing characteristic of interest, we recommend using the proposed Bayes estimator.

4. CONCLUSION

To sum up, in this study, we have presented the development of Bayesian estimation
technique for Hussain and Shabbir (2007) RRT. Using the "R" software, we wrote
program to study the performance of the Bayes estimators versus usual MLE and Kim et
al. (2006) estimator. With these codes on hand, for many values of the design
probabilities to study the behavior of MLE of the estimators: Bayes, MLE and Kim et al.
(2006) estimator. It has been observed that in case of data obtained by the Hussain and
Shabbir (2007) technique, the proposed Bayes estimators outperform the usual MLE and
Kim et al. (2006) estimator for any value of the design probability B and for small
samples. Bayes estimators continue to perform better, over the whole range of mwhen
sample size is large. We tried each value of B, for large samples and observed that Bayes

estimator is more efficient than the MLE. For comparison with Kim et al. (2006)
estimator, we observed that proposed estimator is not efficient when w is moderately
large (> 0.45). But we presented the graphs for some selected values of different
parameters. It is noted that the relative efficiency of the Bayes estimators decreases when
sample size increases. This suggests studying Bayesian estimation when stratification of
the population is suitable. We can conclude from this study that when additional
information about the unknown parameter is available, we should go for Bayes
estimation in order to have the more precise estimators. Although the Bayes estimators
and MLE become equally efficient when sample size increases indefinitely, but even for
larger samples, we may use Bayes estimation due to their confinement in the range
starting from 0 to 1. On contrary, the MLE can go beyond this interval when the number
of yes responses is very low or very high. So we can recommend using Bayes estimators
for randomized responses in sensitive surveys.
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