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ABSTRACT

Let {Xn, nzl} be a stationary sequence of m-dependent random variables with
survival function F(x)= P[Xl > x]. The empirical survival function Ifn(x) based on
X1, X5,.... X, is proposed as an estimator for lfn(x) . Strong consistency and pointwise
as well as uniform of F,(x) are discussed.
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1. INTRODUCTION
Let {X
function F(x), or equivalently, survival function IE(X)=P[X1>X]. We impose

a» N1} be a sequence of m-dependent random variables with distribution

conditions on the covariance structure of survival function F(x) based on the
observations {Xy, X,,..., X,,} . For a sequence of associated random variables, Bagai and

Prakasa Rao (1991) proposed an estimator. Doosti and Zarei (2006) extended Bagai's
(1991) result in the case of negatively associated random variables. The purpose of this
note is to extend these results for estimating the survival function of m-dependent

sequences of random variables. Consider the estimator Ifn (x) defined by

R0 == 3% () (L)
Niz
where
Y 1 ,X>x 19
i(x)_{o , otherwise. 12

We propose Ifn(x) as an estimator for F(x) . In this paper we discuss the strong

consistency, pointwise and uniform of Ifn(x). These results are useful in the study of

kernel-type density and failure rate estimators of the unknown density and failure rate
function. In fact we extend Bagai and Rao (1991) to m-dependent case. Some lemmas,

useful in proving the result concerning IEn (x) , are stated and proved in Section 2.
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2. MAIN RESULTS

The following Lemma was proved by Romano and Wolf (2000) (Corollary A.1. P.
121).

Lemma2.1
Let {X;,i>1} be an m-dependent sequence of mean zero random variables. Assume

E(|Xi|q)£A for some q>2 and all i. Then, forall n>2m

{

n
2 X
=1
where C, is a positive constant depending only upon g

q
Js CqA(4mn)q/2,

Theorem 2.1
Let {Xn, nzl} be an m-dependent sequence of random variables with bounded

continuous density for X, . Then
i) for some r > 2, there exists a constant C > 0 such that, for every ¢ >0,
SL)J(p PUIEn (x) - IE(X)| > s} <Ceg™' (%)r for every n>1.
ii) for any compact subset J c R,

sup“lfn(x)—lf(x)|: XG\]:|—)0 as as n-o oo

Remark 1. If one considers m as a fix integer, then it can be shown that the upper bound

in Theorem 2.1 (i) is Ce™2'n™" which is an analogue bound in Theorem 2.1 in Bagai and
Rao (1991).

Remark 2. In Theorem 2.1, (ii) is a version of Glivenko-Cantelli Theorem valid for
m-dependent random variables. The proof follows along the lines of analogous result for
associated of random variables (Bagai and Rao 1991).

Proof. By using Markov inequality, for every & >0 we have

sup P[ |, (x)~ F(x)| > £ | =sup PUE x)-Feo" > szr}

5(Y; ~EY;)
i=1

X

< sup{(ng)2r E

2r
} 2.1)

2
To complete the proof, it is sufficient to estimate E|Zi”=1(Yi—EYi )| " Denote

& =Y; —EY;. Note that || &; ||,<2 and E&; =0. In view of m-dependent property of the

lle
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sequence {X,, n>1} follows that the sequence {&,, n>1} is also sequence of
m-dependent random variables. Hence applying the Lemma 2.1 we have

2r

E| <C(mn)". (2.2)

e

(Y- EY)

By substituting (2.2) in (2.1), we obtain the desired result in (i). For proof of second
part of Theorem, Let K; and K, be chosen such that J = [Ky,K,] into b, sub-intervals

of length 5, — 0 where {5,} is chosen such that
5. <o, (2.3)
n

Such a choice of {§,} is possible. For instance, choose §, = n® where
0<6<r-1. Note that b, <C8;". Let I =(xm~, J+l) j=1 .., b, =N, where
Ki = Xp1 < Xpo <o < Xynaa = Koo With X4 =X, <6, for 1< j<N

Then for xel,, j=1 2., N we have If(xnyhl) < F(x) < F(xn'j), and
En(xn,jﬂ)s F(x) < IEH(XM-). Hence

R (%0, o) = F (%o o) [+ F (0, 02) - FO0 |
<R 00-F0 <[ F (% 5)=F (%0 [+ F(%05)-F 0 |

Therefore

sup“'fn(x)—lf(x)|: X e J]ssup[|l5r,(x)—lf(x)|: K, <x< Kz}

< max [|F, ()~ F (1) - ﬁ(xn,,-u)—ﬁ(xn,m)
1<j<N xel ( )_'E(X)‘+lg1j% i:’llr‘n)] 'E( n, J+l (X)‘ (2.4)

Now by the mean value theorem for x, ; <u® < x we have

E(xn'j)—lf(x) = F(x)—F(xnyj) (x X, J) f (u*) (2.5)
Since f, the density of X; is bounded by the hypothesis, it follows that there
exists a constant C >0 such that ‘If(xmj )— If(x)‘ <Cs,, and ‘If(xnym)— If(x)‘ <Cs,,

for 1< j<N and x € I,;. Thenfor £¢>0, choose n=n(e) suchthat 2C35, S%s.
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From (2.4) and (2.5), we get, for n<n(g),

2 (Xn,j)‘ﬁ(xn,j)hég}

P{sup|l5n(x)— If(x)| > a} < P{max

xed 1<j<N
- - 1

+PLr<njzi>§l F(xn’m)—F(xn'jH) >§s}
N _ _

< zlp[ Fo (% ja) - F (xn,j)‘ > 38:|
J:
N _ —

+ZP[ F, (xn J+1)— F (xm )‘ > 38:|
j=1

<CNeg?'n™"

=Ce?h,n"  (by Theorem 2.1(i))

<Ce?'§n .

The result follows by using (2.3) and Borel-Cantelli Lemma.

Corollary 2.1

Under the conditions of Theorem 2.1, if m = O(nl_gj where p >1, for every x,
F.x) >F(x) as. as n-oow

Proof. For r >1 observe that

r
zp“ﬁn () -F(0)|> g} <Ce?y (m]
n=1 n=1\_ N
charin—p<w
n=1

The result then follows by using the Borel-Contelli Lemma.
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